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Abstract. We devise a new criterion for linear independence over function 
fields. Using this tool in the setting of dual t-motives, we find that all alge- 
braic relations among special values of the geometric F- function over ¥q [T] are 
explained by the standard functional equations. 
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1. Introduction 
1.1. Background on special F- values. 

1.1.1. Notation. Let be the a field of q elements, where q is a power of a prime 
p. Let A ¥q[T] and k := ¥q{T), where T is a variable. Let C Ahe the subset 
of monic polynomials. Let | ■ |oo be the unique valuation of k for which |T|oo = 9- 
Let fcoo ■— ¥q{{l/T)) be the | • |oo-completion of k, let koo be an algebraic closure of 
kao, let Coo be the | • |oo-completion of fcoo, and let k be the algebraic closure of k 
in Coo- 



1.1.2. The geometric T-function. In |Thakur 1991|, Thakur studied the geometric 
F-function over ¥q[T], 



r(z) 



which is a meromorphic function on 



Notably, it satisfies several natural func- 



tional equations, which are the analogues of the translation, reflection and Gauss 
multiplication identities satisfied by the classical Euler F-function, and to which we 
refer as the standard functional equations (see §5.3.5). 
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1.1.3. Special T-values and the fundamental period of the Carlitz module. We define 
the set of special T-values to be 

{r{z)\zek\{-A+u{0})}ck^. 

Up to factors in a special F-value r(z) depends only on z modulo A. In con- 
nection with special F-values it is natural also to consider the number 



e fco 



where T is a fixed {q— 1)^* root of —T in Coo- The number va is the fundamen- 
tal period of the Carlitz module (see § ^.l| ) and hence deserves to be regarded as the 
Fq[T] -analogue of 27r«. The number va is transcendental over fcby IWade 194l| . O ur 
goal in this paper to determine all Laurent polynomial relations with coefficients in 
k among special F-values and w. 

1.1.4. Transcendence of special T-values. For all z G A the value T(z) belongs to 
A:U{oo}. However, it is known that for all z ^ k\A the value F(z) is transcendental 
over k. A short history of this transcendence result is as follows. Isolated results 
on the transcendence of special F-values were obtained in fThakur 199T[ . The first 
transcendence results for general classes of values of the F-function were obtained 
in jSinha 1997a|. Namely, Sinha showed that the values F( j -1-6) are transcendental 
over k for all a, f & A+ and b & A such that dega < deg/. Sinha's results were 
obtained by representing the F-values in question as periods of ^-modules defined 
over k and then invoking a transcendence criterion of Gelfond-Schneider type from 
Yu 1989t. Subsequently all t he values F(z) for z G k \ A were represented in 
Brownawell-Papanikolas 2002 1 as periods of i-modules defined over k and thus 
proved transcendental. 



1.1.5. T -monomials and the diamond bracket criterion. An element of the subgroup 
of generated by w and the special F-values will for brevity's sake be called a 
T-monomial. By adapting the Koblitz-Ogus criterion given in [Dclignc 1979] to 



the function field setting along lines suggested in [Fhakur 1991 1, we have at our 



disposal a diamond bracket criterion (see Corollary 6.1.8) capable of deciding in 



a mechanical way whether between a given pair of F-monomials there exists a k- 
linear relation explained by the standard functional equations. We call the two-term 
A:-linear dependencies thus arising diamond bracket relations. 

1.1.6. Cautionary example. A fc-linear relation between F-monomials can be ex- 
plained by the standard functional equations without strictly speaking being a 
consequence of them. Consider the following example concerning the classical F- 
function taken from | Das 2000t . The relation 



r(i)r(^) 



r(i) 



r(§) 



r(A)r(f)r(ii) ^ r(A)r(|)r(^) 
r(T^)r(A)r(Ti)r(|)r(ig) 

lijiMii) . JliMi) 



/ sin I • sin 2| 
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confirms the Koblitz-Ogus criterion but decomposes into instances of tfie standard 



functional equations only after the terms are squared. The results of [ Kubert 1979b 



imply the existence of such peculiar examples in great abundance. See [Das 2000 



for a method by which essentially all such examples can be constructed explicitly. 
The analogous phenomena occur in the function field situation. For a discussion of 
the latter, sec [Bac-Gckclcr-Kang-Yin 2001 1. For a simple example in the case q — 3, 
which was in fact discovered before all the others mentioned in this paragraph, see 
iSinha 1997bt §4]. 



1.1.7. Linear independence. It was shown in | Brownawell-Papanikolas 2002 1 that 
the only relations of fc- linear dependence among 1, nj, and special F- values are those 
following from the diamond bracket relations. This result was obtained by carefully 
analyzing t-su bmodule structures and then invoking Yu's powerful Theorem of the 
t-Submodulc jYu 1997| . 



1.2. The main result. We prove: 



Theorem 1.2.1 (cf. Theorem 6.2.1). A set of T-monomials is k-linearly depen- 
dent exactly when some pair of T -monomials is. Pairwise k-linear (in) dependence 
of T -monomials is entirely decided by the diamond bracket criterion. 

In other words, all fc-linear relations among F- monomials follow from the di- 
amond bracket relations. The theorem has the following implication concerning 
transcendence degrees: 

Corollary 1.2.2 (cf. Corollary |6.2.2| ). For all f e of positive degree, the ex- 
tension of k generated by the set {-uj} U |F(a;) 
scendence degree 1 + • ^(A/f)^ over k. 



x£ jA \ ({0} U -A+) I is of tran- 



In fact the corollary is equivalent to the theorem (see Proposition 6.2.3) 



1.3. Methods. We outline the proof of Theorem 



1.2.1 



emphasizing the new meth- 



ods introduced here, and compare our techniques to those used previously. 

1.3.1. A new linear independence criterion. We develop a new method for detecting 
A:-linear independence of sets of numbers in koo , culminating in a quite easily stated 
criterion. Let i be a variable independent of T. Given / = 
n e Z, put :— X^So '^i ^"^^ extend the operation / i 



,aif e CooW and 

a| v ana extend tne operation / J*^"-' entrywise to 
matrices. Let £ C kftj be the subring consisting of power series J^'iLo ^i^^ such 

that [koo ({flili^o) ■ ^oo] ^ °° ^^'^ linii-+oo \/|a7|oo = 0. We now state our criterion 
(Theorem p.l.l| is the verbatim repetition; see also Proposition 4.4.3): 

Theorem 1.3.2. Fix a matrix $ = <I>(t) G Mat£x£(fc[i]) such that det<I> is a poly- 
nomial in t vanishing (if at all) only at t = T . Fix a (column) vector ip — ')jj{t) G 
yLa,tixi{£) satisfying the functional equation = $^/;. Evaluate at t — T , 

thus obtaining a vector ^{T) G Mat^xi (^oo)- For every (row) vector p G Ma.tixe(k) 
such that pijj(T) ~ there exists a (row) vector P ~ P[t) G Matix£(fc[i]) such that 
P{T) = p and Pijj = 0. 

Thus, in the situation of this theorem, every fc-linear relation among entries of 
the specialization ip{T) is explained by a fc[t]-linear relation among entries of tp 
itself. 
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1.3.3. Dual t-motives. The category of dual i-motives (see §4.4) provides a natural 



setting in which we can apply Theorem 1.3.2. Like t-motives in [Anderson 1986|, 



dual t-motives are modules of a certain sort over a certain skew polynomial ring. 
From a formal algebraic perspective dual t-motives differ very little from t-motives, 
and consequently most t-motive concepts carry over naturally to the dual t-motive 
setting. In particular, the concept of rigid analytic triviality carries over (see §4.4). 
Crucially, to give a rigid analytic trivialization of a dual t-motive is to give a square 
matrix with columns usable as input to Theorem 1.3.2 (see Lemma 4.4.12| ). 



1.3.4. Position of the new linear independence criterion with respect to Yu's theorem 
of the t-Suhmodule. We came upon Theorem 1.3.2| in the process of searching for a 
t-motivic translation of Yu's Theorem of the t-Submodule |Yu 1997 1. Our discovery 
of a direct proof of Theorem 1.3.2 was a happy accident, but it was one for which 



we were psychologically prepared by close study of the proof of Yu's theorem. 

Roughly speaking, the points of view adopted in the two theorems correspond 
as follows. If iJ = Hom(Ga,£^) is the dual t-motive defined over k corresponding 
canonically to a uniformizable abelian t- module E defined over fc, and 4" is a matrix 



describing a rigid analytic trivialization of H as in Lemma 4.4.12, then it is possible 



to express the periods of in a natural way as fc-linear combinations of entries of 



(\E'|t=T)~ and vice versa. Thus it becomes at least plausible that Theorem 1.3.2 and 
Yu's theorem provide similar information about A:-linear independence. A detailed 
comparison of the two theorems is not going to be presented here; indeed, such has 
yet to be worked out. But we are inclined to believe that at the end of the day the 
theorems differ insignificantly in terms of ability to detect fc-linear independence. 

In any case, it is clear that both theorems are strong enough to handle the 
analysis of fc-linear relations among F-monomials. Ultimately Theorem 1.3.2 is our 
tool of choice just because it is the easier to apply. Theorem 1.3.2 allows us to carry 



out our analysis entirely within the category of dual t-motives, which means that 
we can exclude t-modul es from the p ictur e altogether at a considerable savings of 
labor in comparison to [ 3inha 1997a| and | Brownawell-Papanikolas 2002| . 



1.3.5. Linking T-monomials to dual t-motives via Coleman functions. In order to 
generalize beautiful examples in jColeman 1988| and |Thakur 1991|, solitons over 
Fq[T] were defined and studied in [ [Anderson 199"^ . In turn, in order to obtain 
various results on transcendence and algebraicity of special F- values, varian ts of 



solitons called Coleman functions were defined and studied in [ 3inha 1997a and 
ISinha 1997b| . 

We present in this paper a self-contained elementary approach to Coleman func- 
tions producing new simple explicit formulas for them (see §|[ jj6.3|). From the Cole- 
man functions we then construct dual t-motives with rigid analytic trivializations 
described by matrices with entries specializing at t = T to fc-linear combinations of 
F-monomials (see §6.4), thus putting ourselves in a position where Theorem 1.3.2 



is at least potentially applicable. 

Our method for attaching dual t-motives to Coleman functions is straightfor- 
wardly adapted from [ 3inha 1997a| . But our method for obtaining rigid analytic 
trivializations is more elementary than that of pinha 1997a because the explicit 
formulas for Coleman functions at our disposal obviate sophisticated apparatus 
from rigid analysis. 



ALGEBRAIC RELATIONS AMONG T- VALUES IN CHARACTERISTIC p 



5 



1.3.6. Geometric complex multiplication and the end of the proof. The dual t- 
motives engendered by Coleman functions are equipped with extra endomorphisms 
and are examples of dual t-motives with geometric complex multiplication, GCM for 
short (see j |4.6| ). We extend a technique developed in Brownawell-Papanikolas 2002t 



for analyzing i-modules with complex multiplication to the setting of dual t-motives 
with GCM, dubbing the generalized technique the Dedekind- Wedderhurn trick (see 



§4.5). We determine that rigid analytically trivial dual t-motives with GCM are 
semi-simple up to isogeny. In fact each such object is isogenous to a power of a 
simple dual i-motive. 

1.3.7. End of the proof. Combining our general results on the structure of GCM 
dual f-motives with our concrete results on the structure of the dual i-motives en- 



gendered by Coleman functions, we can finally apply Theorem 1.3.2 (in the guise 



of Proposition 4.4.3 ) to rule out all /c-linear relations among F- monomials not fol- 



lowing from the diamond bracket relations (see ^6.5), thus proving Theorem 1.2.1 



1.4. Comments on the classical case. In the classical situation various people 
have formed a clear picture about what algebraic relations should hold among 
special F-values. Those ideas stimulated our interest and guided our intuition in 
the function field setting. We discuss these ideas in more detail below. 

1.4.1. Temporary notation and terminology. Let T{s) be the classical F-function, 
call {F(s) I s G Q \ Z<o} the set of special T -values, and let a T -monomial be any 
element of the subgroup of generated by the special F-values and 27ri. 

1.4.2. Rohrlich's conjecture. Rohrlich in the late 1970's made a conjecture which 
in rough form can be stated thus: all multiplicative algebraic relations among 
special F-va lues and 27rj are explained by the standard functional equations. See 
|Lang 1990 , Appendix to §2, p. 66] for a more precise formulation of the conjecture 



in the language of distributions. In language very similar to that we have used 
above, Rohrlich's conjecture can be formulated as the assertion that the Koblitz- 
Ogus criterion for a F- monomial to belong to Q is not only sufficient, but necessary 
as well. 

1.4.3. Lang's conjecture. Lang subsequently strengthened Rohrlich's conjecture to 
a conjecture which in rough form can be stated thus: all polynomial algebraic 
relations among special F-values and 27 rz with coe fficients in Q are explained by 



the standard functional equations. See [ Lang 199C , loc. cit.] for a formulation of 



this conjecture in the language of distributions. In language very similar to that 
we have used above, Lang's conjecture can be formulated as the assertion that all 
Q-linear relations among F-monomials follow from the two-term relations provided 
by the Koblitz-Ogus criterion. Yet another formulation of Lang's conjecture is the 
assertion that for every integer n > 2 the transcendence degree of the extension of 
Q generated by the set {27rj} U {F(a;) \x G \ Z<o } is equal to 1 -I- (j){n)/2, where 
(j>{n) is Euler's totient. What we prove in this paper is the analogue of Lang's 
conjecture for the geometric F-function over Fg[T]. 

1.4.4. Evidence in the classical case. There are very few integers n > 1 such that all 
Laurent polynomial relations among elements of the set {27ri}u{F (i) , . . . , F {^) } 
with coefficients in Q can be ruled out save those following from the two-term re- 
lations provided by the Koblitz-Ogus criterion, to wit: 
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• n = 2 (Lindemann 1882, since r(l/2) = ^Tr) 

• n = 3,4 (Chudnovsky 1974, cf. |Waldschmidt 1977| ) 

The only other evidence known for Lang's conjecture is indirect, and it is contained 
in a result of | Wolfart-Wiistholz 1985|: all Q-linear relations among the special Beta 
values 



B{a,b) 



mm 



{a,beQ, a, 6, a + 6^Z<o) 



T{a + b) 

and 27ri follow from the two-term relations provided by the Koblitz-Ogus criterion. 



1.5. Acknowledgements. Research of the second author was supported in part 
by an NSF grant. The second and third authors would like to thank the Erwin 
Schrodinger Institute for its hospitality during some of the final editorial work. 



2. Notation and terminology 
2.1. Table of special symbols. 



T,t,z 




independent variables 






a field of q elements 


k 






1 ' |oo 




the unique valuation of k such that |T|oo = q 


koo 




F,((l/r)) = the 1 • loo-completion of k 


koo 




an algebraic closure of fcoo 






the 1 • |oo-completion of fcoo 


k 




the algebraic closure of fc in Coo 


T 




a fixed choice in fc of a (g — 1)''* root of — T 


Coo{t} 




the subring of the power series ring Coo {tj consisting of 
power series convergent in the "closed" unit disc \t\oo < 1 






the cardinality of a set S 


Mat^xs(i?) 




the set of r by s matrices with entries in a ring or module R 






the group of units of a ring R with unit 


GL„(i?) 




Mat„xn(^)^, where i? is a ring with unit 


In 




the n by n identity matrix 


A 




FJT] 


deg 




the function associating to each element of A its degree in T 


A+ 




the set of elements of A monic in T 


Dn 




Yll-^T"'' -T^') eA+ 


Res 




{J2i a*^' ^ : fcoc ^ 



2.2. Twisting. Fix n €E Z. Given a formal power series / = X^i^o ^ Coo PI we 
define the n-fold twist by the rule /^"•' := X^i^o '^1 '^^^ n-fold twisting operation 
is an automorphism of the power series ring Coo PI stabilizing various subrings, e. g., 
fcp], k[t], and Coo{0- More generally, for any matrix F with entries in Coop] we 
define the n-fold twist by the rule {f'-"'>)^. := {F,j)^''\ In particular, for any 
matrix X with entries in Coo we have (x'"^).. = {XijY'\ The n-fold twisting 
operation commutes with matrix addition and multiplication. 
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2.3. Norms. For any matrix X with entries in Coo we put \X\oo ■= maxjj |Xy |oo- 
We have I = \X\^" for aU n e Z. We have 

I \oo I lOO 

\U + V\oo < niax(|i7U, \V\oo), \XY\oo < \X\oo ■ \Y\oo 
for all matrices U, V, X, Y with entries in Cqo such that U+V and XY are defined. 

2.4. The ring £. We define £ to be the ring consisting of formal power series 

oo 
n=0 

such that 



lim \/|a„|cx, = 0, [fcoo(ao 

n— >oo 

The former condition guarantees that such a series has an infinite radius of conver- 
gence with respect to the valuation | • |oo- The latter condition guarantees that for 
any to € fcoo the value of such a series a,t t = to belongs again to fcoo- Note that the 
ring S is stable under the n-fold twisting operation / i— > /("^ for all n e Z. 

2.5. The Schwarz-Jensen formula. Fix f € S not vanishing identically. It is 
possible to enumerate the zeroes of / in Coo because there are only finitely many 
zeroes in each disc of finite radius. Put 

{u>i} := an enumeration (with multiplicity) of the zeroes of / in Coo 

and 

A := the leading coefficient of the Maclaurin expansion of /. 
The Schwarz-Jensen formula 

sup |/(:r)U = |AU • r#W-*=o> • TT (r G K>o) 

|3.|<~ i:0<\wi\^<r 

relates the growth of the modulus of / to the distribution of the zeroes of /. This 
fact is an easily deduced corollary to the Weierstrass Preparation Theorem over a 
complete discrete valuation ring. 

3. A LINEAR INDEPENDENCE CRITERION 

3.1. Formulation and discussion of the criterion. 
Theorem 3.1.1. Fix a matrix 

$ = e Mat£x£(fcM), 

such that det$ is a polynomial in t vanishing (if at all) only at t = T. Fix a 
(column) vector 

V' = eMat£xi(^) 
satisfying the functional equation 

^(-1) = c^^. 

Evaluate ip at t = T, thus obtaining a vector 

iP{T) G Mat^xi (fc^ . 

For every (row) vector 

p e Matix«(fc) 
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such that 

p^{T) = 

there exists a (row) vector 

P = P(t)GMatix,(fcM) 

such that 

P{T) ^ p, Pi^ = 0. 



The proof commences in §3.3 and takes up the rest of §|^. We think of the 
fc[t]-hnear relation P among the entries of V' produced by the theorem as an "ex- 
planation" or a "lifting" of the given fc-linear relation p among the entries of ip{T). 

3.1.2. The basic application. Consider the power series 

oc 

n^n{t) :=f-'jJ](i-t/T'?') e fcoo(r)pi cc^[i]. 

i=l 

The power series Q.{t) has an infinite radius of convergence and satisfies the func- 
tional equation 

r^f-i) = {t-T)-^. 

Consider the Maclaurin expansion 

i=0 

The functional equation satisfied by Q implies the recursion 

+ Tai = 



ai_i if i > 0, 

if i = 0. 

Therefore 51 belongs to and hence to £. Suppose now that there exists a 
nontrivial fc-linear relation 

n 

p^niTf = {p,e fc, n > 0, popn o) 

among the powers of the number 

oo 

r!(r) = f-«J|(i-Ti-«') e k^{f). 

i=l 

Theorem provides a fc[t]-linear "explanation" 

n 

Y,Pi^' = o {p^e^t], p,{T) = p,). 

i=0 

But the polynomial Pq must vanish at all the zeroes t = T'' of the function Vl. 
Thus Pq vanishes identically, contrary to our assumption that po = Po{T) 7^ 0. We 
conclude that S1(T) is transcendental over k. 

See §5.1 below for the interpretation of — l/fi(r) as the fundamental period of 
the Carlitz module. The power series VL{t) plays a key role in this paper. 
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Proposition 3.1.3. Suppose we are given 

$ e Matfxf(^M), V' G Mat<;xi (Coo{t}) 

such that 

det $(0)7^0, 

Then we necessarily have 

ip G Mat£xi(f). 

The proposition simplifies the task of checking the hypotheses of Theorem |3.1.l[ 
Proof. Write 

N 

<f> ~ ^^^(i)^' (^(i) G Mat£x^(^), N : positive integer). 



By hypothesis 5(o) G Glji{k). By the theory of Lang isogenics |Lang 1956 there 
exists U e GL^x^(fc) such that 

;7(-i)6(o)C/-^ = If (equivalently: b\!^^ ^ U^'^U'-^^Y 

After making the replacements 

we may assume without loss of generality that 6(0) — If- Now write 

00 

V' = X! "(^)*' ("(^) ^ M:at£xi(Coo))- 

i=0 

We have 



mm 



(n,7V) 



a; 



(-1) ^ 
1=1 

and hence 

a(„) G Matfxi(fc) 
for all integers n > 0. By hypothesis 

lim |a(„)|oo = 0, 

n — *oo 

and hence the series 



00 / N \ ("^^ 



converges for aW n':^ Q. Moreover, 



lim |a(„)|oo = 0. 

n— *cx3 



Since we have 



(a(„) - a(„)) — (a(„) - 
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for n 3> 0, it follows that a(„) — a(„) for n 3> and hence that the collection of 
entries of all the vectors a(„) generates an extension of fcoo of finite degree. Now fix 
C > 1 arbitrarily. From the fact that a(„) = a(„) for n 3> 0, we have inequalities 



C^"|a(„)U < imxC"|6(,)|«,|a(„_,)r 



oo 



< 



(maxC*|5(i)|«,) • (max] a 

(n-j:)|ooj ' yf—l'^ l^(n-i)|ooj 



< maxC"|a(i)| 



for n ^ 0, and hence 

supC"|a(„)|oo < oo. 

Therefore the radius of convergence of each entry of V' is infinite. □ 



3.1.4. Remark. Theorem 3.1.1 is in essence the (dual) t-motivic translation of Yu's 



Theorem of the t-Submodule | Yu 1997 , Thms. 3.3 and 3.4]. Once the setting i s suf- 
ficiently developed, we expect that the class of numbers about which Theorem ^.l.l| 
provides fc-linear independence information is essentially the same as that handled 
by Yu's theorem of the t-Submodule, and the type of information provided is es- 
sentially the same, too. We omit discussion of the comparison. 

3.2. Specialized notation for making estimates. 

3.2.1. Degree in t. Given a polynomial / e k[t] let degj / denote its degree in t, and, 
more generally, given a matrix F with entries in k[t] put deg^ F := max^j deg^ Fij. 
We have degj J^*^"^ — degj F for all n £ Z. We have 

degt(i:» + E) < max (dcg^ D, deg^ E) , deg^ (i^G) < deg^ F + deg^ G 

for all matrices D, E, F, G with entries in k[t\ such that D + E and EG are defined. 

3.2.2. Size. Given an algebraic number x d k we set ||a;|| := max^ iTa^loo, where 
T ranges over the automorphisms of k/k, thereby defining the size of x. More 
generally given a polynomial / = '^iO.it^ € k[t\, we define ||/|| :— max^ ||ai||. Yet 
more generally, given a matrix F with entries in k[t\ we define ||i^|| :— max^j 
Then we have = \\Ff'^ for aU n e Z. We have 

\\D + E\\ < max(||i^||,||£;||), |1FG|| < ||F|| • ||G|| 
for all matrices D, E, F, G with entries in k[t] such that D + E and EG are defined. 

3.3. The basic estimates. 



3.3.1. The setting. Throughout §3.3 we fix fields 

fc C i^o C A' C fc 

and rings 

AcOoCOcK 

such that 

• Ko/k is a finite separable extension, 

9 K is the closure of Kq in k under the extraction of q*^ roots, 

• O is the integral closure of A in K, and 
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Note that k is the union of aU its subfields of the form K. 
3.3.2. Lower bound from size. We claim that 

||x||>l, |xU> 11x11 ^-[^"^'=1 

for all ^ a; G C Clearly these estimates hold in the case ^ x G Co, because 
in that case x has at most [Kg : k] conjugates over k and the product of those 
conjugates is a nonzero element of A] but then, since we have 

oo 

o=[jof\ 

the claim holds in general. 

Lemma 3.3.3 (Liouville Inequality). Fix a polynomial 



f{z) :=^a,z'eO[z] 



i=0 

not vanishing identically. For every nonzero root X k of f{z) of order v we have 

|A|:;> (max||a.||) 

Proof. We may of course assume that |A|oo < 1, for otherwise the claim is obvious. 
After factoring out a power of z we may also assume that ao 7^ 0. Write 

n 

noting that 

\hi\oo < max |aj|oo < max ||ai||. 

j—i i—Q 

Evaluate the displayed expression for /(z + A) at z = —A, thus obtaining an estimate 
|ao|oo l/(0)|oo <max|6iA'|oo < |A||^ max ||aj. 



Finally, apply the fundamental lower bound of §3.3.2 to ag. □ 
Lemma 3.3.4. For all constants C > 1 we have 

Jnn (# { X e I < C}) = C. 

The normalization |r|oo = Q was imposed to make this formula hold. 
Proof. We may assume without loss of generality that C is of the form 

The Riemann-Roch theorem yields constants no and ni such that 

n > no ^ #{x e Oo\\\x\\ < Irl'^} = g[^o^fel»+"i 
for all n e Z. We then have 

#{xe Or\\\x\\ < \Tt} = #{x e Oo\\\x\\ < \T\'J^^^^qll<o:k]9"^+n. 

for all integers ly ^ 0, whence the result. □ 
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Lemma 3.3.5 (Thue-Siegel Analogue). Fix parameters 

C>1, 0<r<s (CeM, r,seZ). 



For each matrix 
such that 
there exists 
such that 



M e Ma.tr xs{0) 

\\M\\ < C 
X e Matsxi(C) 



x=^0, Ma; = 0, ||a;||<C— . 
Proof. Choose C > 1 and e > such that 

||A/||<C', (l + e)(C')— < C^. 
For all J/ ^ the cardinality of the set 

{xeMat,x,(of")\\\x\\ < (l + e)(C") — } 
exceeds the cardinality of the set 

GMat.xi (0l'")\\\x\\ < (1 + 6)(C')^} 

by Lemma 0.3.4 . Further, for all ^ multiplication by M maps the former set 
to the latter. Therefore the desired vector x exists by the pigeonhole principle. □ 

Lemma 3.3.6. Again fix parameters 

C > 1, < r < s (C e M, r,se1). 



For each matrix 
such that 
there exists 
such that 



M e Mat^xs(CM) 

||M|| < C 
x e Matsxi(OM) 



x^O, Mx = 0, ||a;|| < . 

Proof. Let d and e be nonnegative integers presently to be chosen efficaciously large 
and put 

r' ■.^r{d + 6+1), s':=s{e + l). 
Choose d large enough so that 

degt M < d, 
and then choose e large enough so that 

r'<s', ||Af|| < C" C^/^. 

Consider now the O-linear map 

{x e Matsxi(C[t])|degtX < e} {x G Ma,trxi{0[t])\degtX <d + e} 

induced by multiplication by M. With respect to the evident choice of bases the 
map under consideration is represented by a matrix 

M' e MaXr' xs'{0) 
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such that 

\\M'\\ < C. 
The existence oi x £ Matsxi(C'M) such that 

x ^ 0, Mx ^ 0, degt x<e, \\x\\ < (C)^ = 

now follows by an application of the preceding lemma with the triple of parameters 
(C, r' , s') in place of the triple (C, r,s). □ 

3.4. Proof of the criterion. 

3.4.1. The case I ~ 1. Assume for the moment that 1 = 1. In this case we may 
assume without loss of generality that p 7^ and hence that 

V-m = 0, 

in which case our task is to show that tp vanishes identically. For any integer v >Q 
we have 

and hence we have 

^{t""^) =0 {ly = 0,1:2,...). 

Since ^ vanishes infinitely many times in the disc |i|oo < l^^loo, necessarily van- 
ishes identically. Thus the case £ = 1 of Theorem 3.1.1 is dispatched. 

3.4.2. Reductions and further notation. Assume now that £ > 1. We may of course 
assume that 

As in ^ let 

k C Kq C K C k 

be fields such that Ko/k is a finite separable extension and K is the closure of Kq 
under the extraction of g*'* roots. Since k is the union of fields of the form K we 
may assume without loss of generality that 



As in §3.3 let O be the integral closure of A in K. After making replacements 

$ ^ a'?"^$, ip ^ a^'^-p, p*=hp 

for suitably chosen 

a,b £ A, ab^ 0, 
we may assume without loss of generality that 

$ e Mat^xf(C'[t]), pe MatixfCO). 

Fix a matrix 

i?eMat,x(£-i)(0) 

of maximal rank such that 

pd = 0. 

Then the ivT-subspace oi Ma.tixe{K) annihilated by right multiplication by ^ is the 
if-span of p. Let 

e e Mat£x£(OM) 
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be the transpose of the matrix of cofactors of Then we have 

$e = e$ = det$ • le = c{t - Ty ■ li 

for some ^ c G O and integer s > 0. Let A'' be a parameter taking values in the 
set of positive integers divisible by 2i. 

3.4.3. Construction of the auxiliary function E. Wc claim there exists 

h = h{t) e MatixH^W) 
depending on the parameter A'' such that 

• =0(1) as TV ^ DO 

and with the following properties for each value of A'': 

• h^O. 

• degt /i< (1 - ^) iV. 

• E (ti'^"^'''^ = for = 0, . . . , iV - 1, where E := hip e £. 
(We call E the auxiliary function.) 

Before proving the claim, we note first that the auxiliary function E figures in the 
following identity: 

= /ig(-°) • • • e(-(^+''-i))$(-(^+'^-i)) . . . $(-0)^ 

= e«-<""^^^'+-+«" (t - T^-<"— ...{t- r«-°) ' E 

This identity is useful again below and so for convenient reference we dub it the 
key identity. By the key identity, the hypothesis 

p^{T) = (cquivalcntly: pi-iN+-))^(-(^+-)) (^r«"'"^"") = o) , 

and the definition of -d, the following condition forces the desired vanishing of E: 

• /leW • • • e(-(^+'^-i))a?(-(^+'')) |^^^,-(iv+.) = for = 0, . . . , TV - 1. 
Put 

r :={(.- 1) TV, s:={t- N. 

With respect to the evident choices of bases, the homogeneous system of linear 
equations that we need to solve is described by a matrix 

M e Matrxs(0) 

depending on N such that 

||M||<|T|L""'-^'™-''''*®'-||e||^ -11^11=0(1) as N^oo, 
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and the solution we need to find is described by a vector 

X e Mat^xi(C) 

depending on 'N such that 

a; 7^0, M.T = 0, ||x|| = 0(1) as N ^ oo. 



Lemma 3.3.5 now proves our claim. 



3.4.4. A functional equation for E. We claim there exist polynomials 

ao, . . . , a£ e 0[t] 
depending on the parameter N such that 



• max \\ai\\ — 0(1) as ^ oo 

i=0 



and with the following properties for each value of N: 

• Not all the at vanish identically. 

• oqE + ai£'(-i) H h OiE'--'^^ = 0. 

Since 

for any integer v > 0, the functional equation we want E to satisfy is implied by 
the following condition: 

• ao/i(°) + ai/i(-i)$(~o) + • • • + a,/i(-^)$(-(^-i)) • • • $("0) = 0. 

The latter system of homogeneous linear equations for ao, . . . , is with respect to 
the evident choice of bases described by a matrix 

MeMatfx(£+i)(OM) 

depending on N such that 

||M|1 =0(1) as N^oo, 
and the solution we have to find is described by a vector 

xeMat(,+i)xi(0[t]) 

depending on N such that 

x^O, Mx = 0, = 0(1) as N ^ oo. 



Lemma 3.3.6 now proves our claim. After dividing out common factors of t we may 



further assume that for each value of N: 

• Not all the constant terms ai(0) vanish. 
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3.4.5. Vanishing of E. We claim that E vanishes identicaUy for some N . Suppose 
that this is not the case. Let A be the leading coefhcient of the Maclaurin expansion 
of E. We have 

ao(0)A«'' + --- + af(0)A'?"' =0, 

and hence 

l/|A|oo = 0(1) as TV ^ oo 



by Lemma 3.3.3. But we also have 

|A|oo • < sup \E{x)\^< sup \4,{x)\^-\\h\\-\TfJ^~^\ 

for all iV, the inequality on the left by the Schwarz- Jensen formula, and hence 



|A|oo = o(|r|oo^) 



as — > oo. 



These bounds for |A|oo are contradictory for 3> 0. Our claim is proved. 

3.4.6. The case E — Q. Now fix a value of N such that the auxiliary function E 
vanishes identically. Since the entries of the vector h are polynomials in t of degree 
< TV, not all vanishing identically, there exists some < < such that 



0. 



Put 

P = P{t) /i(^+'')e(^+'') • • • e(i) e Matix^OM). 

Since 



^0, 

t=T 



det (e(^+-)--.e«) 

we have 

P{T) ^ 0. 

We also have 

V t=Ti '™+'^'/ 

and hence 

P{T) e (if-span of p) C Matix£(if). 

Finally, we have 

P^ = c«+-+«"^'^ (t - T'iy •••(<- T«"^'^) ' = 

by the key identity. Therefore (up to a nonzero correction factor in the vector 
P is the vector we want, and the proof of Theorem is complete. 



4. Tools from (non) commutative algebra 
4.1. The ring k\o\. 
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4.1.1. Definition. Let k[a] be the ring obtained by adjoining a noncommutative 
variable a to k subject to the commutation relations 

ax = x'^ a {x € k). 
Every element of k[a] has a unique presentation of the form 

oc 

ajcr* (oj Gk, = for z 0), 

and in terms of such presentations the multiplication law in k[a] takes the form 

(E. (E, bja^) = E, E, a,bfa^+^. 

Given 

oo 

(/> = ajcr* G fc[cr] (oj € k, = for i 0), 

i=0 

we define 

degg. ^ := max({— 00} U {i\ai ^ 0}). 

Clearly we have 

deg^ (pij = deg^ cp + deg^ V (0, V' e A; [a] ) . 

The ring fc[(T] admits interpretation as the opposite of the ring of Fg-lincar cndo- 
morphisms of the additive group over k. This interpretation is not actually needed 
in the sequel but might serve as a guide to the intuition of the reader. 

4.1.2. Division algorithms and their uses. The ring k[a] has a left (resp., right) 
division algorithm: 

• For all ■tjj,(f) e k[a] such that 7^ there exist unique 0,p G k[a] such that 

— 4>9 + p (resp., tp — 9(1) + p) and deg^ p < deg^ 4>. 

Some especially useful properties of fc[cr] and of left modules over it readily de- 
ducible from the existence of left and right division algorithms are as follows: 

• Every left ideal of k[a] is principal. 

• Every finitely generated left fc[cr]-module is noetherian. 

• dimj A:[(t]/A:[(j]^ = deg^ (/) < 00 for all ^ ^ € k[a]. 

• For every matrix (p G Matrxs(fc[f]) there exist matrices a G GLr(k[a]) and 
/3 e GLs(fc[cr]) such that the product a(j)/3 vanishes off the main diagonal. 

• A finitely generated free left fc[cr]-module has a well-defined rank, i. c., all 
fc[cr]-bases have the same cardinality. 

• A A:[(T]-submodule of a free left A:[tT]-module of rank s < 00 is free of rank < s. 

• Every finitely generated left [a] -module is isomorphic to a finite direct sum 
of cyclic left fc[cr]-modules. 



These facts are quite well known. The proofs run along lines very similar to the 
proofs of the analogous statements for, say, the commutative ring k[t]. 



18 



G. W. ANDERSON, W. D. BROWNAWELL, AND M. A. PAPANIKOLAS 



4.1.3. The functors mod a and mod (cr — 1). Given a homomorphism 

of left ^[ct] -modules, let 

Ho Hi Ho Hi 



f moda : ^ / mod (a - 1) : 



aHo aHi' ' ' ' {a - 1)Hq (ct - l)i?i 
be the corresponding induced maps. 
Lemma 4.1.4. Let 

f-Ho^ Hi 

be an injective homomorphism of free left k[a]-modules of finite rank such that 

n := dim^. coker(/) < cjo. 

We have 

#ker(/ mod (a - 1)) < g" 
with equality if and only if f mod a is bijective. 

Proof. We may assume without loss of generality that 

Ho = Matixr(fc[o-]), Hi = Matixa(fc[o-]), f = {x ^ xcj)) {(j) e MBXrxs{k[<j]))- 

After replacing cj) by a(^/3 for suitably chosen a G GLr(k[a]) and /? e GLs(fc[(T]), 
we may assume without loss of gcncrahty that cj) vanishes off the main diagonal, in 
which case clearly </> vanishes nowhere on the main diagonal and r = s. We might 
as well assume now also that r = s = 1. Write 

n 

(j) = ajfT* (ttj Gk, On j^O, ao ^ <^ / mod a is bijective). 

We have 

k[a] = fc e (cr - 1) • k[(7] 

and 

n 

X(j) = a| x'' mod (cr — 1) • k[cF] 

i=0 

for all a; e ^, whence the result. □ 
Lemma 4.1.5. For i = 1,2 let 

fi : Ho^ Hi 

be a homomorphism of free left k[a]-modules of finite rank. Assume that Hq, Hi 
and i?2 are all of the same rank over k[a] . Assume further that fi mod a is bijective 
and that 

ker(/i mod (a — 1)) C ker(/2 mod (cr — 1)). 
Then /2 factors uniquely through fi, i. e., there exists a unique homomorphism 

g:Hi^H2 

of left k[a]-modules such that 

go fi = f2- 
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Proof. (Cf. |Yu 1997, Lemma 1.1].) We may assume without loss of generality that 

Ho=Hi =i/2 =Matix,(fc[a]), 

^ {x xcf)), f2 ^ {x 1-^ xtp), (0, V e Matsxs(fc[CT])). 
After making replacements 

for suitably chosen a,(3 G GLs{k[a]), we may assume without loss of generality that 
(j) vanishes off the main diagonal. Since fi mod cr is bijective, no diagonal entry of 
(p vanishes. We might as well assume now also that s = 1. Use the left division 
algorithm to find 6,p E k[a] such that 

i: = (t>e + p, deg^ p < deg^ 0. 

Put 

g :— {x 1-^ x9), h :— {x i-* xp). 

Then 

f2 = go fi + h. 

If /i = we are done. Suppose instead that h ^ 0. We then have 

ker(/i mod (cr — 1)) C ker(/i mod (cr — 1)), dinij, coker(/i) > dim^. coker(/i). 

But the latter relations are contradictory in view of Lemma |4. 1.4 and our hypothesis 
that /i mod cr is bijective. □ 

4.2. The ring fc|cr]. 

4.2.1. Definition. We define fc|cr] to be the completion of k[a] with respect to the 
system of two-sided ideals 

Every element of A;|cj] has a unique presentation of the form 

oo 

^a^cr* {aiGk). 

i=Q 

In terms of such presentations the multiplication law in fc|cr] takes the form 

The ring fc|cr] contains fc[cr] as a subring. The ring fc|cr] is a domain. 

4.2.2. The operation d. Given 

oo 

<t> = ^CH€^(^' e Ma.trxs{kl<jj) («(») € MSitrxsik)), 
i=0 

put 

del) := 0(0). 

The operation d thus defined is /c-linear and satisfies 

for all matrices (j) and ip with entries in A:|cr] such that the product is defined. 

Lemma 4.2.3. (i) For all cf) G Mat,jxs(fclcrl), ifd(j> e GLs(k), then(j>e GLs(A:|cr]). 
(a) Every nonzero left ideal o/A;|cr] is generated by a power of a. 
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Proof, (i) After replacing by a(j) for suitably chosen a G GLs(fc) we may assume 
d(l) — ls- Now write = Is — X. The series Is + converges to a two-sided 

inverse to 4>. (ii) Let / C A|ct] be a nonzero left ideal. Let (j) = acr" be a nonzero 
element of I where da ^ and n is a nonnegative integer taken as small as possible. 
Then we have a G fclcr]^ by (i), hence cr" G /, and hence ct" generates /. □ 

Lemma 4.2.4. Let 

9 eMatrxriHo-j), aGMatrxr{k), eGMatrxs(fc), 6 G Matsxs(fc) 
be given such that 

de^a, {a-T-lrY ^0, ae = eb, {b~T -IsY ^0. 
Then there exists unique 

E G Mat,xs(SH) 

such that 

OE = Eb, dE ^ e. 



Proof. (Cf. jAnderson 1986i Prop. 2.1.4].) Wrfte 

OO 

= ^a(i)(7* G Matrxr(fc[o-]) (a(i) G Matrxr(fc), a(o) = a) 

i=0 

and 

OO 

(T* G Matrxs(fc|o']) (e(i) G Matrxs(^), e(o) — e). 

We have 

OO OO 

and hence 9E — Eb if and only if the system of coefficients {e(„)} satisfies the 



recursion 

ef„)&^""^ - ae(„) = ^ «(i)^(n-i) {n^l,2,...). 



Q<i<n 



Now for each n > the fc-linear map 

(^z i-> - az^ : Matrxsik) Matrxs(A:) 

is invertible because all of its eigenvalues equal T"* —T; indeed, for > max{r, s} 
the q^-th iteration sends z to (T' — Ty z. It follows that the recursion satisfied 
by the coefficients e(„) has a unique solution with ejo) — e- □ 

Lemma 4.2.5. Let matrices 

0,(t),pe Matsxs(fc[cr]) 

be given such that 

Assume further that the map 

{x x(t)) : Matixs(A:[f7]) ^ Matixs(fc[cr]) 

is injective. Then 

det del) y 0. 
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Proof. (Cf. |Yu 1991, Lemma 1.3].) After making replacements 

for suitably chosen a, f3 E GLs(fc[(T]) we may assmiie without loss of generality that 
(j) vanishes off the main diagonal, in which case it is clear that no entry of on the 
main diagonal vanishes. By Lemma 1.2.4 there exist unique matrices 

D,E,F eMa.ts>,s{kM) 

such that 

eD = D -00, eE = E -dp, pF = F ■ dp, 

and 

dD^lr. dE^dd), dF = l,. 



By the uniqueness asserted in Lemma 4.2.4 we have 

(JjF ^ E = D ■ dep. 

Further, we have 

D,F eGLsiklaj) 

by Lemma 4.2.3 (i). Now consider the quotient M (resp., N) of the free left A;|cr]- 
module MatsxiC^lcr]) by the A;|cr]-submodule generated by the rows of (j) (resp., 
d(t>). Since is d iagonal with no vanishing diagonal entries, we have dim^ M < oo 
by Lemma 4.2.3 (ii). Since D~^(j>F = d4>, the left A:|(T]-modules M and TV are 
isomorphic and hence we have dimj. TV < oo. Under the latter condition it is 
impossible for any diagonal entry of dcf) to vanish. □ 

4.3. The ring k[t,a]. 

4.3.1. Definition. Let /c[i, cr] be the ring obtained by adjoining the commutative 
variable t to k[a]. Every element of fc[t, a] has a unique presentation of the form 



i=0 



aif {ai e k[a], = for i::S> 0). 



In terms of such presentations the multiplication law in k[t, a] takes the form 
Every element of k[t^ a] also has a unique presentation of the form 



oo 

E 

1=0 



{ai e k[t], Oi = for i > 0). 



In terms of such presentations the multiplication law in k[t, a] takes the form 
(E. «.^0 (E, - E. E, a^^^a^+K 



The ring k[t, a] contains both the noncommutative ring k[a] and the commutative 
ring k\t] as subrings. The ring ¥q[t\ is contained in the center of the ring cr]. 
The ring k[t, a] is a domain. 

Proposition 4.3.2. Let M be a left k[t, cr]-module finitely generated over both k[a] 
and k[t]. Let (resp., Mt) be the sum of all k[a]- (resp., k[t]-) submodules 
N C M such that dim^ TV < oo. Then Mc = Mt, dim^ = dim^ TVft < oo and 
the quotient M/M^j = M/Mt is free of finite rank over both k[a] and k[t\. 
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In particular it follows that a left k[t, (rj-module finitely generated over both k[a] 
and k [t] is free over k [a] if and only if free over k [t] . 



Proof. (Cf. [Anderson 1986, Lemma 1.4.5, p. 463].) As a fc[cr]-module M decom- 
poses as a finite direct sum of cyclic left fc[CT]-modules. Therefore dim^ < oo 
and M/M„ is free of finite rank over k[a]. Similarly dim^, Mt < oo and M/Mt is 
free of finite rank over k[t]. Now for any A: [t] -sub module C Af of finite dimension 
over fc, again aN is a A;[i]-submodule of M of finite dimension over k and hence 
aMt C Mf. Similarly we have tM^ C M^. Therefore each of the modules M^- and 
Mt contains the other. □ 

4.3.3. Saturation. Let A^ C M be left k[t, crj-modules. Assume that Af is finitely 
generated over both k[a] and k[t]. By Proposition 4.3.2| there exists a unique k[t, a]- 



submodule N <Z M such that N = ^N' = "^N" where A^' ranges over k[a]- 
submodules such that dimj,(A^' -f- N)/N < oo and A^" ranges over fc[t]-submodules 
such that dim^(7V" + N)/N < oo. Clearly we have N D N. We call N the 
saturation of A^ in M. By Proposition 4.3.2| the quotient Af /TV is free of finite rank 



over both k[a] and k[t] and moreover dim^, N /N < oo. li N = N we say that A^ is 
saturated in Af. A necessary and sufficient condition for A^ to be saturated in M is 
that M/N be torsion-free over k[t] or torsion-free over k[a]. 

4.4. Dual t-motives. 

4.4.1. Definition. A dual t-motive H is a. left k[t, crj-module with the following three 
properties: 

• iJ is free of finite rank over k[t]. 

• H is free of finite rank over k[a]. 

• {t- TYH C aH for n > 0. 

A morphism of dual i-motives is by definition a homomorphism of left k[t, a]- 
modules. Thus dual t-motives form a category. For any dual i-motivc H there 
exist 

g G Mat^xi(i?), h e Matsxi(i?), $ G Matrxr(fcM), 6* e Matsxs(Ai[CT]) 
such that 

• the entries of g form a fc[t]-basis for H and erg = $g, 

• the entries of h form a fc[cr]-basis for H and ih = 6'h, 
in which case 

• det <i> = c{t — Ty for some nonzero c &k and 

• {de-T-lsY = 0. 

The latter two assertions both follow from the assumption that the quotient H/aH 
is killed by a power of < — T. 

4.4.2. Basic stability properties of the class of dual t-motives. Let 

be left crJ-modules. The following statements hold: 

• If Hi is a dual i- motive and {t — Ty^Ho C aHo for n ^ 0, then Hq is again 
a dual t-motive. 
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• If Hi is a dual t-motive and Hq is saturated in Hi , then both Hq and Hi / Hq 
are again dual ^-motives. 

• If Hq and Hi/ Hq are both dual i- motives, then Hi is again a dual f-motive. 

Using the background on module theory over k[a\ and fc[t, cr] provided above the 
reader should have no difficulty verifying these statements. 

Proposition 4.4.3. Let 

$eMat£xKfcM), VeMat^xi(f) 



he as in Theorem 3.1.1. Suppose further that there exist a dual t-motive H and a 
vector 

g e Mat^xi(i?) 
with entries forming a k[t\-hasis of H such that 

o-g = $g. 

Equip £ with left k[t, (7]-module structure by the rule 

cre-e^'^^ {e e £). 

Put 

Hq := fc[t]-span in £ of the entries of the vector ip^ 
V := fc-span in koo of the entries of the vector ip{T). 
Then the following statements hold: 

• Hq is a k[t, (T]-submodule of £. 

• Hq is a dual t-motive admitting presentation as a quotient of H . 

• Hq = dim^ V. 



The proposition positions Theorem 3.1.1 in the setting of dual <-motives. 
Proof. Consider the exact sequence 

O^HiCH^Hq^O 

of left fc[<]-modules, where 

Hi:={Pge H \P e Matix£(^[t]), P^ = 0} 

and the projection H — > Hq is given by the rule 

Pg^P^ (Fe Matixf(fcM)). 

A straightforward calculation verifies that the exact sequence in question is in fact 
an exact sequence of crj-modules. Therefore Hq is a dual t-motive admitting 
presentation as a quotient of H. Since every fc[t]-basis for Hi can be completed 
to a fc[i]-basis of H, the number of fc-linearly independent relations of fc-linear 
dependence among the entries of ip{T) is at least as great as rkj,[j] Hi and hence we 
have 

rkfc[t] Hq > dim^ V. 

But we also have 

rkfc[t] Hq < dim^ V 



because by Theorem |3.1.1 every relation of /c-linear dependence among the entries 



of 4'{T) lifts to a A;[<]-linear relation among the entries of ijj. □ 
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Theorem 4.4.4. For all dual t-motives Hq and Hi the natural map 
is injective. 



Proof. The proof of [ Anderson 1986 , Thm. 2, p. 464] can easily be modified to prove 
this resuh. □ 

4.4.5. Isogenies. An injective morphism / : Hq — > Hi of dual i-motives with cok- 
ernel finite-dimensional over k is called an isogeny. We say that dual t-motives Hq 
and Hi are isogenous if there exists an isogeny / : Hq Hi. 

Lemma 4.4.6. Let f : Hq — > Hi be an isogeny of dual t-motives. Then the induced 
map f mod a is bijective. 

Proof. Without loss of generality, we think of / as an inclusion. Let s be the 
common rank of Hq and Hi over k[a]. For i = 0,1 select 

h(,) e Mat,xi(i?^), e Mat,x.(fcM) 

such that the entries of h(,j) form a fc[cr]-basis of Hi and 

Let 

G Mfitsxs{k[a]) 
be the unique solution of the equation 

h(o) = 0h(i), 

noting that 

6'(o)0h(i) = ^'(o)h(o) = ih(o) = i0h(i) = (f)t\i) = 06'(i)h(i). 
By Lemma 4.2.5| we have det d(f) ^ and hence / mod cr is bijective. □ 

Theorem 4.4.7. Let Hq C i?i 6e rfita^ t-motives such that dimj, _ff i /iJo < oo. 
Then there exists 7^ a G Fq[t] such that aHi C i/o- 

It follows that the isogeny relation is not only reflexive and transitive, but sym- 
metric as well and hence an equivalence relation. 

Proof. Let fi : Hq Hi be t he inc lusion. By Lemma 4.4.6| the induced map 
/i mod a is bijective. By Lemma 4.1.4 the kernel of the induced map fi mod (cr — 1) 
is finite, and, since the latter group naturally has the structure of finite Fg[t]-module, 
there exists 7^ a G Fq[t] killing it. Let /2 : Hq Hq be the morphism of dual 
t-motives induced by multiplication by a. Then 

ker(/i mod (cr — 1)) C ker(/2 mod (cr — 1)). 

By Lemma 4.1.5 there exists a unique fc[cr]-module homomorphism g : Hi Hq 
such that /2 — go fi. We have 

ker(/i mod (cr — 1)) C ker(t/2 mod (cr — 1)) 

and 

tg{fi{h)) = tf2{h) = f2{th) = g{fi{th)) = g{tfi{h)) {h G Hq). 
By the uniqueness asserted in Lemma 4.1.5| , it follows that g commutes with t and 
hence is a morphism of dual t-motives. We have 

ker(/i mod (cr — 1)) C ker(/i o g o fi mod (cr — 1)) 
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and 

fiigifiih))) = h{f2{h)) - hiah) = ahih) {h € Ho). 
By the uniqueness asserted in Lemma 4.1.5| , it follows that /i o g coincides with 



multiplication by a. We therefore have aHi C Hq. □ 
Corollary 4.4.8. For all dual t-motives Hq and Hi the module 

iiom[t,a]iHo,Hi) 

is free over ¥q [t] of finite rank and moreover its rank over ¥q [t] depends only on the 
isogeny classes of Hq and Hi . 



Proof. Theorem [f.4.4 already proves that the module in question is free of finite 



rank over ¥g[t]. Now let r{HQ,Hi) denote the rank over ¥q[t] of the module in 
question. For z = 0, 1 let H- be a dual t-motive isogenous to Hi and without loss of 
generality assume that H^ C Hi and dim^, Hi/H[ < oo. Choose a E ¥q[t] such 
that aHi C 77- for z = 0, 1. We have 

r{Ho, Hi) < r{H'^, Hi) < r{aHo,Hi) = r{HQ,Hi) 

and 

r{HQ,Hi) ^r{HQ,aHi) <r{HQ,H[) <r{HQ,Hi), 
where each inequality is justified by the existence of a suitably constructed injective 
Fq[t]-linear map. □ 

4.4.9. Simplicity. We say that a dual t-motive H is simple li H ^ {0} and there 
exist no saturated k[t, crj-submodules of H other than {0} and H . 

Proposition 4.4.10. (i) A dual t-motive isogenous to a simple dual t-motive is 
again simple, (ii) A nonzero morphism of dual t-motives with simple source and 
target is automatically an isogeny. (Hi) Let he a family of simple dual t- 

motives each embedded as a k[t, a]-submodule of a dual t-motive H . If 



then H is isogenous to a finite direct sum of dual t-motives of the family {Hi}. 

Proof, (i) Let Hq C Hi be dual i-motives with dim^. Hi/Hq < oo and Hq simple. 
It suffices to show that Hi is simple. Let M C Hi he a k[t, crj-submodule saturated 
in Hi and hence free over k[a] and k[t]. Then M D Hq is saturated in Hq and 
hence M n Hq — {0} or M n Hq = Hq by the simplicity of Hq. In the former 
case, M injects into Hi/Hq, so dim^ M < cxd and hence M — since M is a free 
A:[(T]-module. In the latter case dimj^Hi/M < oo and hence M = Hi since M is 
saturated in Hi. Therefore Hi is indeed simple. 

(ii) Let / : Hq — > Hi be a nonzero morphism of dual f-motives with simple source 
and target. The kernel of / is a saturated k[t, cr]-submodule of Hq distinct from 
Hq and hence equal to {0}. The saturation of the image of / is a saturated k[t, a]- 
submodulc of Hi distinct from {0}, hence equal to Hi, and hence the cokerncl of 
/ is of finite dimension over k. Therefore / is indeed an isogeny. 

(iii) Since H is noetherian over k[t,cr], there exists a finite set / of indices such 
that 

dimfeff/ (Y^H^j <oo. 
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Fix such a set / now with minimaL Consider the exact sequence 

of left k[t, crj-modules. It suffices to show that K = 0; suppose instead that K 0. 
In any case K is a saturated fc[i, cr]-submodule of a dual t-motive, and hence K is 
a dual t-motive. Let M be a nonzero saturated k[t, cr]-subinodule of K of minimal 
rank over k[t]. Then M is a simple dual t-motive. For some index io I the 
evident map M — > Hi^ is nonzero and hence an isogeny, in which case X]ie/\{io} 
is of finite fc-codimension in H in contradiction to the minimality of #/. This 
contradiction proves that K — 0. □ 

4.4.11. Rigid- analytic triviality. Given a dual t-motive H, put 

H := Coo{0 H, 

equip H with an action of a by the rule 

cr(/0/i) := ./("^) ® /l, 

and put 

^Bctti {cr- invariant elements of H}. 
We say that H is rigid analytically trivial if the natural map 

Coo{i} ®F,[t] i^""""' ^ 
is bijective, cf. Anderson 1986| , p. 474]. 



Lemma 4.4.12. Let H be a dual t-motive. Select 

g e Matrxi(i?), $ e Mat^xr(fcM) 

SMc/i t/iai the entries of g form a k[t]-basis of H and erg = <I>g. (i) A necessary 
and sufficient condition for H to be rigid analytically trivial is that there exist a 
solution 

* e GL,(Coo{0) 

of the equation 

vl/("i) = (i)vl/. 

(a) For any such solution 5* the entries of the column vector 5'~^g form an Fg[t]- 
basis for i/Bctti^ 

In particular if H is rigid analytically trivial, then TJ^ctti ^^^^ ^^^-^ ^q[t\ of rank 



equal to the rank of H over k[t\. Note that ^E* e Matrxr(i^^) by Proposition 3.1.3 
Proof. Note that by hypothesis and definition the diagrams 

Matixr(fc[t]) ^ H Matixr(Coo{0) ^ H 

p^p(-l)$ I J_ crx PH_»_p(-l)$ I I o-x 



Matixr(fc[t]) ^ Matixr(Coo{0) ^ H 

commute and have bijective horizontal arrows. (i)(=^) There exists by hypothesis 
a matrix Q S Matrxr(Ctx3{t}) such that the entries of the column vector 8g are at 
once a Coo{i}-basis for H and an Fg[i]-basis for iJ^ctti^ Such a matrix Q necessarily 
belongs to GLr(Ccx){t}) and satisfies the functional equation 9(^^'<i> = 9. The 
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matrix :— Q^^ has then the desired properties. (i)(^)&(ii) The entries of 
the column vector 'I'^^g form a CoolO'^asis for H and are also an Fg[t] -linearly 
independent collection of elements of TJ^ctti^ Every element of is of the form 

Pg for unique P € Matixr(Coo{^}) such that P = P^~^'>^, and we have 

(P4-)(-i) = = e Matixr(Coo{0 n F,|t]) = Matix.(FJt]). 

Therefore the entries of the column vector ^'^^g span iJ^otti ^^^^ ¥q[t] and hence 
form an FJt]-basis of i?^'^"'. □ 

Lemma 4.4.13. For all ^ a e ¥g[t] we have FJi] n a ■ Cco{t} = a-¥g[t]. 

Proof. View Coo{t} as a subring of the Laurent series field Coo((0)- We have 

a-^¥g[t] n Coo{0 C ¥g{(t)) n Coo{i} - ¥g[t], 

whence the result. □ 

Theorem 4.4.14. For all rigid analytically trivial dual t-motives Hq and Hi, the 

natural map 

Homfe[,^,](i7o,i/i) ^ HomF,[,] iff °"') 

is injective and its cokernel is without ¥q[t]-torsion. 

Proof. After replacing both Hq and Hi by Hq ® Hi we may assume without loss 
of generality that Hq = Hi , in which case we might as well drop subscripts and 
simply write H ^ Hq = Hi. Let g, <!> and ^E* be as in Lemma 4.4.12 . Fix 

eeEndfe[,j(i/) 

arbitrarily, let 

ee Endc^{t}(i/) 
be the unique Coo {^j-linear extension of e, and let 

E e Matrxr(^M) 

be the representation of e with respect to the fc[t]-basis g, i. e., the unique solution 
of the equation 

eg = Eg. 

In this last and in analogous expressions below, in order to avoid having to manip- 
ulate indices and summations, e (resp., e) is understood to be applied entrywise to 
any column vector with entries in H (resp., H) that it precedes. We have 

creg = aEg = E^^^^ ag = i?*^^^)$g, eag = e(f>g = (f>eg = <f>i?g, 

and hence 

e G Endfe[t^„](i/) 4=^ = 

^ f-l^l' e Matrxr(Fqp] n Coo{0) = Mat,.xr(Fq[i]). 



We have 




eg = ^ e = 0. 
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Therefore the map in question is injective. Now fix 7^ a G Fq[i]. We have 
ae e Endfc[t af-i^^' G Matrxr(Fq[t] n a • CooW) 

^ G Mat^xr(Fq[t]) 

^ eGEnd^[t.,](i^) 



where the second implication is justified by Lemma 4.4.13. Thus we rule out the 
possibility of Fg[t]-torsion in the cokerncl of the map in question. □ 

4.5. The Dedekind-Wedderburn trick. 

4.5.1. Dedekind domains. Recall that a ring with unit is called a Dedekind domain 
if commutative, noetherian, entire (1 7^ and no zero-divisors), one-dimensional 
(every nonzero prime is maximal), and integrally closed. Now let a Dedekind do- 
main K be given. The following hold: 

• Every finitely generated K-module without K-torsion is projective. 

• Every projective K-module of finite rank is a direct sum of projective K- 
modules of rank one. 

We take these basic facts for granted. 

Lemma 4.5.2. For every Dedekind domain K and projective 'K.-module M 0/ rank 
one the map {x > (m 1— > xm)) : K EndK(M) is bijective. 

Proof. Injcctivity is clear. Failure of surjectivity would entail failure of K to be 
integrally closed. □ 

Proposition 4.5.3. For z = 0, 1 let L^ be a Dedekind domain. Let M be an abelian 
group equipped with right liQ-module structure and left hi-module structure in such 
fashion that (aim)ao — ai(mao) for aZ/ ai G Li, m G M and ao G Lq. Assume 
further that M is projective of rank one both as an JjQ-module and as an Lii-module. 
Then there exists a unique ring isomorphism : Lq ^ Li such that 6{a)m = ma 
for all a G Lo and rn G M. 



Proof. This is a trivial (but quite useful) consequence of Lemma 4.5.2. □ 



Lemma 4.5.4. Let K D F 6e an integral extension of entire rings. For every 
7^ 6 G K there exists 7^ a G F such that a/b G K. 

It follows that in this setting any K-module is without K-torsion if (and of course 
only if) without F-torsion. 

Proof. Since K is integral over F, there exists a polynomial f{z) G F[z] monic in 
z such that f{h) = 0. Moreover, since K is entire, after factoring out a power 
of z, we may assume without loss of generality that a :~ /(O) =/= 0. Now write 
f{z) a - zg{z) with g{z) G F[z]. Then a/b = g(b) G K. □ 

Proposition 4.5.5. Let L D K D F 6e a tower of rings where L and F are 
Dedekind domains and "L is a finitely generated projective F-module. Then K. is a 
Dedekind domain if and only if the quotient L/K is a projective F-module. 

Proof. (=^) For all x G L and 7^ a G F such that ax G K we must have a; G K 
since L is integral over K and K is integrally closed. Therefore the quotient L/K 
is without F-torsion and since finitely generated over F must be projective over F. 
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(<;=) Clearly K is commutative, noetherian and entire. Let P C K be a nonzero 



prime of K. By Lemma i.5.4 the prime PflF is nonzero and hence a maximal ideal. 
Since K is integral over F the prime P has to be maximal, too. Therefore K is one- 
dimensional. Since L is integrally closed, every element of the integral closure of K 
belongs to L and hence gives rise to a K-torsion element of the quotient L/K. But 



by Lemma 4.5.4 and hypothesis, the quotient L/K is without K-torsion. Therefore 



K is integrally closed. Therefore K is a Dedekind domain. □ 

4.5.6. Wedderburn's theorem. Let i? be a (possibly noncommutative) ring with 
unit. Let M be a simple faithful left i?-module and put K := End/f(M). View M 
as a left if-module. Assume that M is finitely generated over K. Then according 
to Wedderburn's theorem (a special case of the Jacobson density theorem) every 
element of Endx(M) is of the form m rm for unique r € R. 

Proposition 4.5.7 ("The Dedekind- Wedderburn Trick"). Let h D F be an exten- 
sion of Dedekind domains such that Jj is a projective F -module of finite rank. Let 
M be an h-module finitely generated and projective over F. Assume that L and M 
are of the same rank over F. Let R 6e a subring o/EndF(M) such that 

R D {(m i-> xm) e EndF(M) \ x eL} 

and the quotient EndF(M)/R is without F -torsion. Put 

K := {a; e L I (to 1-^ xm) e EndR(M)}. 

Then we have 

R = EndK(M). 

The following trivial consequences of the definition of K bear emphasis since 
they are crucial in applications: 

• K is a Dedekind domain equipped with F-algebra structure. 

• K is a projective F-module of finite rank. 

• M is a finite direct sum of projective K-modules of rank one. 



Proof. By Lemma 4.5.4 and hypothesis the module M is projective over L of rank 



one and by Lemma 4.5.2 the evident map L — s- EndL(M) is bijective. To simplify 



notation we now identify L with the subring EndL(M) of EndF(M). Note that 
L = EndL(M) D EndR(M) K. 

Now put 

F := fraction field of F, M := F (g)F M, 

EndpiM) D R := F (g)F H D L := F ®F = fraction field of L, 

K F(g)FK = fraction field of K = Endfl(M) C Endi(Af) = L. 

By Wedderburn's theorem R = Endx(Af) and hence 

R C i? n EndF(M) = EndK{M) D EndF(M) = EndK(M). 

Finally, we have R = EndK(M) because the quotient EndK(M)/R is a torsion 
F-submodule of EndF(M)/R and hence by hypothesis vanishes. □ 



4.6. Geometric complex multiplication (GCM). 
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4.6.1. GCM ¥q[t]-algebras. Let L be an Fq[t]-algebra satisfying the following con- 
ditions: 

• L is a free Fq[i]-module of finite rank. 

• L is a Dedekind domain. 

• k L is also a Dedekind domain. 

Under these conditions we say that L is a GCM Fg[t] -algeb ra. (GCM is short for 
geometric complex multiplications.) By Proposition [4.5.5 every Fg[i]-subalgebra 



K C L such that K is a Dedekind domain is again a GCM Fg[t]-algebra. 

4.6.2. Constructions functorial in CCM ¥q[t]- algebras. For any GCM Fq[t]-algebra 
L put 



For any integer n & Z let 



be the unique L-linear extension of the automorphism 

(x I— > ) :k ^k. 

Let L[tT] be the ring obtained by adjoining a noncommutative variable cr to L 
subject to the relations 

(Tfl — a'^"'"V (a G L). 
Every element of L[cr] has a unique presentation of the form 

oo 

Oicr* (cii e L, = for i^ Q) 

i=0 

and in terms of such presentations the multiplication law in L[cr] takes the form 

Note that L is contained in the center of L[(t]. If L = ¥q[t], then L[o'] = k[t, a]. 

4.6.3. Geometric complex multiplications. Let L be a GCM Fg[t]-algebra. Let H be 
a left L[(T]-module such that the L- module underlying H is projective of rank one 
and the k[t, (rj-module underlying _ff is a dual t-motive. We call H a dual t-motive 
with geometric complex multiplications by L (for short: GCM by L). We call the 
k[t, cr]-module underlying H the bare dual i-motive underlying H. We define the 
GCM type of H with respect to L to be the ideal of L annihilating the quotient 
H/aH. If the natural map L — > End^j^ ct](^) bijective, wc say that H has tight 
GCM by L. We say that dual i-motives Hq and Hi both with GCM by L are 
li-linearly isogenous if there exists an injective homomorphism Hq — > Hi of L[cr]- 



modules with cokerncl of finite dimension over k. By Theorem 4.4.7 the relation of 
L-linear isogeneity is an equivalence relation and by Lemma 4.4.6| the GCM type 



of a dual i-motive with GCM by L depends only on its L-linear isogeny class. 

Theorem 4.6.4. Let H be a dual t-motive with GCM by L. Let Hq be any simple 
dual t-motive embedded in the bare dual t-motive underlying H , e.g., any nonzero 
saturated k[t, a]-submodule of minimum possible rank over k[t]. (i) The bare dual 
t-motive underlying H is isogenous to a finite direct sum of copies of the dual t- 
motive Hq. (ii) If H has tight GCM by L then the bare dual t-motive underlying 
H is simple. 
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Proof, (i) Consider the family 

{afl"o}o#aeL 

of isomorphic copies of Hq embedded fc[t, cr] -hnearly in H. The sum aHg is 
a nonzero L[cr]-submodule of H and a fortiori a cr]-submodule of H of finite 
codimension over k. Therefore the bare dual i- motive underlying H is isogenous to 
a direct sum of simple dual t-motives isomorphic to Hq by Proposition 4.4. IC. 

(ii) Making use of Proposition 4.4.10 in a more precise way, we obtain a positive 
integer n and ai, . . . , a„ S L such that the map 

(j) := {{hi, . . . , /i„) 1-^ aihi H h a„hn) : ^ H 



is an isogeny of (bare) dual t-motives. By Theorem 4.4.4 there exists ^ a £¥q[t\ 
such that aH is contained in the image of 4>. Put 



{{hi, 
(h^ 



, hn) 



Hn 



aj7r,((/) \ah))) eEnd^t ,^^{H) 



(i = 1, . . . ,n). 



The endomorphisms of the bare dual t-motive underlying H thus constructed satisfy 
the relations 

ei^O, eiCj = aSijCi {i, j = 1, . . . ,n). 
But unless n — 1, such a system of relations is forbidden because the ring End^.[j {H) 
is isomorphic as an Fg[i]-algebra to the domain L. □ 

Theorem 4.6.5. For i = 0,1 let Hi be a dual t-motive with tight GCM by 
and let Ii C be the GCM type of Hi with respect to L^. Assume that the bare 
dual t-motives underlying Hq and Hi are isogenous. (i) Then there exists a unique 
Vq[t]-algebra isomorphism 

: Lo — > Li 

such that all the diagrams 



Ho 


A Hi 


X i 




Ho 


^ Hi 



commute, (ii) Under the unique k-linear isomorphism Lq —>■ Li induced by 9 the 
ideal Iq maps bijectively to ideal Ii . 

Proof, (i) Put M := Houij^^f ^^{Ho, Hi), regarding M as a right Lo-module and 
a left Lj-mod ule in the evident fashion. Since Ho, Hi have tight GCM by Lq, 
Li, Corollary 4.4.8 shows that the Fq[t]-modules M, Lq and Li are free of the 
same finite rank over Vq[t]. It follows by Lemma 4.5.4 that M is projective of 
rank one bo th ov er Lq and over Li. Existence and uniqueness of 6 now follow by 
Proposition 4.5.3| . ( ii) Fo r any isogeny (p : Hq Hi the induced map (j) mod a is 
bijective by Lemma 4.4.6 , whence the result. □ 



Theorem 4.6.6. Let H be a dual t-motive with GCM by L. Assume that the bare 
dual t-motive underlying H is rigid analytically trivial. Put 

R Endfc[t_^](i7), K -.^ {x e L \ {x ^ xh) e EndR(i7)}. 

Then K. is a GCM ¥q[t]-subalgebra o/L and there exists a K.[a]-submodule 

HoCH 
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with the following properties: 

• Hq is a dual t-motive with tight GCM by K. 

• The bare dual t-motive underlying Hq is simple and rigid analytically trivial. 

• The GCM type of H with respect to L is generated as an ideal of L by the 
GCM type of Hq with respect to K. 

Proof. We claim that the natural map 

R = Endfc[,,,](i/)^EndK (i/^-^"') 

is bijective. In any case the natm'al map 



is injective and has cokernel without Fq[t]-torsion by Theorem 4.4.14. Moreover, 
we have 

rkF,[t] L = rkfc[,] L = rk^[,] H = ik^^^t] i/^'^'" 

where the first e quality is trivial, the second holds by definition of GCM, and third 
holds by Lemma [4.4. 12 and hypothesis. Therefore the Dedekind-Wedderburn trick 
proves the claim. It follows that K is a GCM F^[t]-subalgebra of L. 
Let n be the rank of if^otti ^ ^ projective K-module and let 

n-l 

1=0 

be a decomposition of i^Bctti ^ direct sum of projective K-modules of rank one. 
Let eo G R be the idempotent endomorphism of H inducing the projection of ^ctti 
to the direct summand Mo, and put 

Ha ■■= eoH. 

Then Hq is a rigid analytically trivial dual t-motive since it is a fc[t, crj-linear direct 
summand of a rigid analytically trivial dual t-motivc. Moreover, we have 

i?oBotti ^ rkfe[,] K = rkf^it] K ^ rk^jt] Mo = rk^j,. Ho, 

the last equality above by Lemma 4.4.12. The inclusion K ^ EndK(-ff^°**') induces 
a K-module structure on Hq, and therefore Hq has GCM by K. By a repetition of 
the argument of the first paragraph of the proof we have a natural bijective map 

End;,[,,<,](ffo)^EndK(Mo)=K. 

Therefore Hq is naturally equipped with tight GCM by K. Moreover Hq is auto- 
matically simple as a bare dual t-motive by Theorem 4.6.4. The natural map 

{a(E) h 1-^ ah) : L Hq H 

is injective with L[(T]-stable image. Call the image H' . The L-module underlying H' 
is projective of rank one and a fortiori of finite codimension over k in H. Clearly the 
k[t]- and fc[(T]-modules underlying H' are free of finite rank. Since H' is generated 
over L by Hq and L is central in L[(t], we have 

{t - T)"Ho C ctHq ^{t- TY'H' C aH' 

for all integers n > and hence the k[t, aj-module underlying H' is a dual i-motive. 
The upshot is that H' is a dual t-motive with GCM by L and that H' is L-linearly 
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isogenous to H via the inclusion. Necessarily the GCM types of H' and H with 
respect to L are equal. Finally, we have at our disposal an isomorphism 



aHo cjH' 



of torsion L-modules, whence it follows that the GCM type of H' with respect to 
L is generated as an ideal of L by the GCM type of Hq with respect to K. □ 

Corollary 4.6.7. Let h be a GCM ¥q[t]-algebra. Assume that the fraction field of 
L is Galois over Vq{t) and let G be the associated Galois group. Extend the action 
of G on li to li by k-linearity. Let H be a dual t-motive with GGM by L and with 
rigid analytically trivial underlying bare dual t-motive. Let Hq be a simple quotient 
of the bare dual t-motive underlying H . Let I cz h be the GGM type of H with 
respect to L. Let r be the cardinality of the set of ideals of L that are G- conjugate 
to I. Then Hq is of rank > r over k[t]. 



Proof. By Theorem 4.6.6 there exist a GCM Fg[t]-subalgebra K C L and a K[o']- 
submodule Hq C H with the following properties: 

• H^ has tight GCM by K. 

• The bare dual i-motive underlying Hq is simple. 

• The GCM type /o C K of Hq with respect to K generates / C L. 



Further, by Theorem 4.6.4 the given quotient Hq of the bare dual i-motive un- 
derlying H and the bare dual i-motive underlying Hq are isogenous. Finally, we 
have 

rkfe[t] Hq = rkfc[j] = rkfj*] K > r 
because jl = L for every 7 G G acting as the identity on K. □ 

Corollary 4.6.8. Let h be a GGM ¥q[t]-algebra. Assume that the fraction field of 
L is Galois over ¥q(t) and let G be the associated Galois group. Extend the action 
of G on h to Li by k-linearity. For i = 0, 1 let Hi be a dual t-motive with GCM 
by L with rigid analytically trivial underlying bare dual t-motive, let Li C L fee the 
GCM type of Hi with respect to L, and let HiQ be a simple quotient of the bare dual 
t-motive underlying Hi. If Hqq and Hiq are isogenous, then the ideals Iq and Ii 
are G-conjugate. 



Proof For i = 0, 1, there exist by Theorem 4.6.6 a GGM Fg[i]-subalgebra C L 



and a K^cJ-submodule HiQ C Hi with the following properties: 

• H^Q has tight GGM by K^. 

• The bare dual i-motive underlying H^q is simple. 

• The GCM type liQ C Kj of H-q with respect to generates li C L. 

Further, for i = 0, 1 by Theorem 4.6.4 the bare dual i-motive underlying iJ^'g is 



isogenous to HiQ, and hence the bare dual i-motives underlying Hqq and H[q are 



isogenous. Finally, by Theorem 4.6.5 there exists some 7 G G such that 7K0 = Ki 



and 7/00 = ^10 : in which case necessarily 7/9 = /i . □ 

4.6.9. Remark. The theory of rigid analytically trivial GGM dual t-motives worked 
out above is essentially just the dual t-motivic translation of a method introduced 



geometric t-modules of |Sinha 1997a 



in |Brownawell-Papanikolas 2002| for analyzing the t-submodule structure of the 



34 



G. W. ANDERSON, W. D. BROWNAWELL, AND M. A. PAPANIKOLAS 



5. Special functions 
5.1. The Carlitz exponential and its fundamental period. The reference 



Goss 1996, Chap. 3] is a good source of background material on this topic. 



5.1.1. The Carlitz exponential. Put 

OO gn / n-l \ 

n=0 " \ i=0 / 

thereby defining an F^-hnear power series in z with coefficients in k called the 
Carlitz exponential. The Carlitz exponential satisfies the functional equation 

ex.pQ{Tz) = Texpfj z + (exp(^ zY 



by fCoss 1996| , Prop. 3.3.1]. 

5.1.2. The fundamental period. The power series expp z has an infinite radius of 
convergence with respect to the valuation | • |oo and has a Weierstrass product 
expansion of the form 



for unique w G koa{T) such that 

\w-fT\^ < ITTI 



-) 



by |Gossl996, Cor. 3.2.9 and Remarks 3.2.10]. It follows that the sequences 

— > • A C fcoo ^ kryo ^0, ^ Ci7 • A C Coo — ^ Coo 

are exact. We call tu the fundamental period of the Carlitz exponential. Transcen- 
dence of w over k was first proved in |Wade 1941 1. 

The next two results relate the Carlitz exponential and its fundamental period 



to the power series r2(i) and transcendental number 0(T) discussed in § |3.1.2 
Proposition 5.1.3. We have 

OG 

l/f7(-i)(i)-^expc {zu/T^+')t\ 

Proof. Recall that 

nit) = f-'^f[fi-±-y {t-T)-n^n^~'l 

i— 1 ^ 

Temporarily denote the power series on the right side of the identity to be proved 
by S{t). Consider the Maclaurin expansion 

OO 

n(-^\t)e{t) = ^c,f (c, e fcoo(T)). 

1=0 

The functional equation noted in § |5.1.l| implies that 
and hence 

ne^'^^ ^n- {t-T) -Q = n'^-^'>Q = (ne^^^^ 
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By this last we have Ci = ^ci and hence Ci G for all i > 0. By plugging into the 
Weierstrass product expansion of exp^ z we find that |co — 1| < 1 and hence 

Co = T^^ ■ expp (nj/T) ^ 1. 

Now write 

oo oo 
i=0 i=0 

We have, so we claim, bounds 

la^loo < \f\~\ |5,|oo < \f\ 

with strict inequality for i > 0. The bound for |ai|oo is clear. The bound for |6i|oo 
is verified by plugging into the Weierstrass product expansion of exp(^ z. Thus the 
claim is proved. It follows that |ci|oo < 1 for all i > 0, hence q = for all i > 0, 
and hence f^^-^^O = 1. □ 

Corollary 5.1.4. We have 



Proof. (Cf. I Anderson-Thakur 1990, Corollary 2.5.8].) By Proposition 5.1.3 and a 
little high school algebra (summation of geometric series), we have 



1 

nITj 



^ oo 00/00_^ 

^ ' n=Q n=0 \i=l * / 



t-T n(- 

The power series on the right is convergent in the disc |t|oo < \T\1^ and so is the 
power series l/n{t). Therefore we have l/il{T) + m = 0. □ 

5.2. The functions e and e* and their division polynomials. 

5.2.1. Definition of e. Put 

e := (x 1-^ expp lux) : fcoo ~^ koo{T), 

where vu is the fundamental period of the Carlitz exponential. The function e maps 
the quotient k^a/A isomorphically to a compact additive subgroup of kooiT). The 
function e is in many respects analogous to the function (x i— > e^'^'^) : M ^ C 
mapping the quotient M/Z isomorphically to the unit circle in C. 

5.2.2. Division polynomials for e. Given a G A, write 

a = Tb + e (be A, e G F.^) 

and put 

Ca{t,z):=l , \, 

\ Cb{t,tz + zi) + ez if a 7^0, 

thereby recursively defining a polynomial 

Ca{t,z)eWg[t,z]. 

For example we have 

Ci(i,z) = z, Crit^z) ^tz + z'>, Cr^it, z) ^ t^z + {t + t'^)z'^ + z'^\ 
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For all / — f{T) E of positive degree we have 

/ Fq[t]-linear combination of 
Cf{t,z} = j[t}z+l^ ^^^^^ ^.^^ < z < deg/ 

as can be verified by an evident induction. From the functional equation noted in 
§ |5.1.l| it follows that 

Te{x) + e{x)'^ = e{Tx) 
for all X G koo and hence by an evident induction that 

Ca{T,e{x))^e{ax) 

for all a e A and x £ koo- From the latter identity it follows that Ca{t, z) depends 
Fg-linearly on a and that the composition law 

Ca{t,Cb{t,z))=Cab{t,z) 

holds for all a, 6 G A. We call Ca{t, z) the division polynomial for e indexed by a. 

5.2.3. Torsion values of e. A number of the form 

e{x) {x e k) 

will be called a torsion value of e. For every / G we have 

Cf{T,z)^ n (-^-ew/)) 

dcga<dcg/ 

and hence every torsion value of e is separably algebraic over k. 

5.2.4. Remark. The ring homomorphism 

(a (a; Ca{T, x))) : A -> Endaig. gp./A(Ga) 

is called the Carlitz module according to Goss 1996 , Def. 3.3.5]. The torsion values 
of e admit interpretation as the torsion points of the Carlitz module defined over 
k. The latter interpretation makes it clear that torsion values of e generate abelian 
extensions of k. The Carlitz module plays in explicit class field theory over k a role 
analogous to that played by the multiplicative group in explicit class field theory 
over Q. See | Hayes 1974] for a treatment of explicit class field theory over k. We 



consider some of the more delicate properties of torsion values of e below in §6.3.1 
5.2.5. Definition of e* . Let 

Res : fcoo — > Fg 
be the unique Fg-linear functional such that 

kerRes = ¥q[T] + {l/T'^)¥q{l/Tl, Res(l/T) = 1. 

Write 



For each x e k^o put 



e. g.. 



1=0 ^ ^ j=0 



e*{x) := ^Res(ra;)a, 



e*(l/T' 



a„ if rt > 
if n < 
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for any n G Z, thereby defining a function 
A number of the form 

e*(a;) (x G fc) 
will be called a torsion value of e*. 

Lemma 5.2.6. We have e*{x) ^ for all x G koc such that < |a:|oo < 1- 
Proof. With the coefficients G koo{T) as defined in § 5.2.5| , we have 



a, - (_T)-K+-+'''")r- 
for all integers i > and hence 



loo < 



|e*(x)|. 



,i„{i| Rcs(T'x)^O) 



> 



for all X G fcco such that < |a::|oo < 1- 
5.2.7. Division polynomials for e* . Put 

:=z. 

For each / G of positive degree, write 

f = Tg + e (.gGA+, e G F,) 

and put 

Cf{t,z) ■.= Cg{t'',tz'^ + z) + ez'i'' . 
In this way we recursively define polynomials 

Cf{t,z)e¥,[t,z] 

for all / G A^. For example we have 

Ci{T,z) = z, CT{t,z)^tz'^ + z, CT2{t,z)^t^''z'^'' + {t + 1-^)7/' + z. 
For all / = f{T) G of positive degree we have 



„dog/ 



C'f{t,z) = z + 



Fq[t]-linear combination of 
terms z'^' with < z < deg / 



□ 



as can be verified by an evident induction. With the coefficients G koo{T) as 
defined in § [3.2.5 and in view of the functional equation OS^^^ — {t ~ T) ■ ft we have 



Taf + Oi = 



1,^1 ifi>0 
if i = 



for all nonnegative integers i and hence 

Te*{xy+e*{x) = e*(Ta;)« 

for all X G fcoo- It follows by an evident induction that 

CfiT,e{x))^eifxf°'' 

for all / G A-f- and x G koo- This last is the end to which the definition of C f{T, z) 
is contrived. We call Cf{t, z) the division polynomial for e* indexed by /. 
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5.2.8. Key properties of e* . The function 
has, so we claim, the following properties: 



• e* is F^-linear and | • |oo-continuous. 

• kere*^ A. 

• e*(a;)r G FJl/T] for all x e k^. 

• The torsion values of e* are separably algebraic over k. 



The function e* has the first two of the claimed prope rties b y definition. We have 
A C kere* by definition and kere* C A by Lemma 5.2.6 . Therefore the third 
property holds. The first three properties imply the fourth. Each torsion value 
of e* is a solution of an equation of the form C/(T, z) = for some / S A+ and 
hence separably algebraic over k. Therefore the fifth property holds. Thus all 
claims concerning e* are proved. Note that the first three properties above already 
determine the function e* uniquely. 



5.2.9. Remark. Given / e Ajf-, write 

n 

Cf{t,z)^J2f^^'' (/'^FJt], n = deg/). 



1=0 

It can be shown that 



T.-i-l n 



See [ poss 1996 , §3.7 and §4.14] for an attractive interpretation of this phenomenon. 



It turns out that the torsion values of the function e* admit interpretation as the 
torsion points defined over A: of a gadget called the adjoint Carlitz module and that 
the latter is dual to the Carlitz module in a sense made precise by a duality theory 
due to Elkies and Poonen. 



5.2.10. Key properties of e. The properties of the function e* are strikingly parallel 
to those of the function 

as is made plain by the following summary of facts already proved: 

• E,=oe = Tuz, (i - t/T^'Y' = y^^-'Ht). 

• e is Fq-linear and | • |oo-continuous. 

• kere — A. 

• e{x)/T e FJl/T] for all x e k^o- 

• The torsion values of e are separably algebraic over k. 



Note that the first three of the properties listed above determine e uniquely without 
any reference to the Carlitz exponential or its fundamental period. 
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5.2.11. Remark. For each n £ Z>o let 

n = ^riig' (0 < ni < q) 

i 

be the base q representation of n and put 

^(^\ f J2i if e {0' 1} for aU i, 
— oo otherwise. 

By definition of e* we have 

oo 

f e*(a;) = ^ Res ((-T)"^"^ x) T"" (by convention: (-T)-°° = O) 



for aU X e fcoo- Note that the very simple "program" 

if n = 0, else 

a{n/q) if n = mod q, else 

a{{n — 1) / q) + 1 if n = 1 mod q, else 
— oo 



a{n) 



computes a{n) recursively. Now fix x G k. Then the sequence 

{Res((-Trx)C.o 
is eventually periodic, hence the sequence 

{Res((-T)"(").)};^^ 

of coefficients is computable by a "g-automaton" and h ence the numb er Te*{x) 
is algebraic over k by Christol's algebraicity criterion Christol 1979 (see also 
Christol et al. 198C| ). Thus we can give by "computer science" a proof of the 
algebraicity of the torsion values of e* over k completely independent of the ad 
hoc theory of division polynomials worked out above. The simplicity of the "digit- 
patterns" of the torsion points of the adjoint Carlitz module seems not previously 
to have been noticed. This remark will not be used in the sequel but does we think 
deserve further investigation. 

5.3. The geometric F- and H-functions and their special values. 

5.3.1. The Moore determinant identity. Given an F^-algebra R and xi, . . . , xn G R, 
put 



N 



Moore^(xi, . . . ,xn) ■= det x' 



e R 



thereby defining the Moore determinant of xi, . . . ,xm ■ The Moore determinant 
identity reads 

Moore, (xi, ... ,a; at) = J]^ CjXj 

c:inonic 
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where ad hoc we say that a vector c — (ci , 



, cjv) e is monic if c 7^ and the 



leftmost nonzero entry of c equals 1. See [ Goss 1996 , Chap. 1, Sec. 3] for proof and 
further discussion of the identity. 

5.3.2. Definition of^>N{z). For each integer > 0, put 

^n{z):= I n (^-«)| / f n ' 



aeA 
\dcga<N 



. aeA+ . 
\dcga=N I 



thereby defining an Fg-linear polynomial in z with coefficients in fc. We have 



*Ar(z) 



Moore„ (z, T 



Moore^ (T^, . 



1 



D 



N 



(terms of degree < q in z 



by combining the Moore and Vandermonde determinant identities. The definition 
of ^'7v(2) goes back to the paper [Carlitz 1935 1. A contemporary reference for this 
material is [Goss 1996, §3.5]. 



5.3.3. Key relations satisfied by '^^{z). Fix an integer iV > 0. We have 

-) 

aeA+ 
dcg a—N 

as can be verified by comparing zeroes and constant terms. Clearly we have 
dega < N ^ '^nIz + a) = ^'Ar(z) 

for all a e ^. We have 

as can be verified by comparing zeroes and leading terms; for convenient reference 
we dub this important fact the fundamental recursion for '^n(z). For any / G 
we have 

1 



n 

aeA 



V-T^ = 1 + * 



l + *Ar(f 



N+dcgf{z) 



dog a < dog/ 

as can be verified by comparing zeroes and constant terms. 
5.3.4. Definitions o/n(z) andT{z). Put 



n(.) := n (1 



a£A^ 



thereby defining the (one-variable) geometric factorial and geometric T-function 
attached to A, respectively. The basic references concerning these functions are 
Goss 1996i Sec. 9.9] and [ p:hakur 199l|] . Note that n(z)-i is the unique entire 
function of z taking the value 1 at the origin with no zeroes other than simple 
zeroes at each point of the set 

~A+ := {-a\a E A+}. 
Similarly T{z)^^ is the unique entire function of z normalized by the condition 

riz)-^ ^z + o{z^) 
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with no zeroes other than simple zeroes at each point of the set 

-A+ U {0}. 

We obtain identities 

oo oo 

n(z) = n (1 + "^Niz))-', r(z) = z-i n (1 + *A^W)"' 

of crucial importance in the sequel by grouping factors in the natural way by degree. 

5.3.5. The standard functional equations. We have a translation identity 

n(z + ao) ^ ''"f^" 1 + ^^^{z) 
n(z) l + ^,{z + ao) 

for each Q ^ ^ A. The translation identity follows in evident fashion from the 



corresponding translation-invariance property of n{z) noted in §5.3.3. We have a 

reflection identity 

n n(e^) 



exp^ wz 



which is essentially [ Thakur 1991 , Theorem 6.1.1]. To prove the reflection identity 
in the form stated here you have only to compare the Weierstrass product expansion 
of the reciprocal of the left side to that of the Carlitz exponential exp,^ z. For each 
/ G we have a Gauss multiplication identity 

n n (i±i^) = n(.) . n i^^Mz))- n nn(4 

aeA \ J / 0<i<dcg/ aeA+ .gipx V 

doga<dcg/ dego<deg/ 



which is essentially [ Thakur 1991 , Theorem 6.2.1]. The Gauss multiplication iden- 
tity in the form stated here can easily be re covered from the analogous identity 
satisfied by '^'^{z) noted at the end of § 5.3.3| . We refer to the identities above as 



the standard functional equations satisfied by n(z). Of course we have analogous 
standard functional equations for r(z). The latter we do not write out, referring 



the interested reader to [Thakur 1991 



5.3.6. Special T- and Il-values. Numbers of the form 

n(x) {xek\~A+) 

will be called special Il-values. Numbers of the form 

r{x) {xek\i-A+u{0})) 

will be called special T-values. The goal of the paper is to determine all Laurent 
polynomial relations among w and special F- values with coefficients in k. From the 
point of view of transcendence theory over k it is clearly all the same whether we 
study special F-values or special H-values. But the standard functional equations 
satisfied by n(z) take a slightly simpler form than do those satisfied by F(z) and 
it is convenient also that 11(0) = 1. Accordingly, for the sake of convenience and 
for no deeper reason, we stress n(z) over F(z) and special H-values over special 
F-values in the sequel. Now in view of the translation identity of § 5.3.4 ^ special 



11- value n(x) up to factors in fc^ depends only on x mod A. Accordingly, without 
any loss of generality, we stress special H-values of the form H(x) with |a;|oo < 1 in 
the sequel. 
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5.3.7. Remark. All fc-linear relations among 1, w and the special H- values were de- 
termined in I Brownawell-Papanikolas 2002 , building on the work of |Sinha 1997a| 
In particular, it is known that Tl{z) is transcendental for all z £ k \ A. 

5.4. Interpolation formulas. 

Lemma 5.4.1. For all integers N the identity 



^*Ar(l/r"+l)t" ifN>0 



ji=0 



|Ar|-l 



i=l 



n {^-T'^ 



ifN<0 



holds in the power series ring fc|t]. 

Proof. From the functional equation il*^^^' = Q ■ {t — T) it follows that 



/ N 



J|(t-r«*) ^ ifiv>o, 



i=0 



|Af|-l 



Jl (i-T" J if 7V<0 



Accordingly, we may assume without loss of generality for the rest of the proof that 
iV > 0. The identity 



dispatches the case = 0. Assume now that A^ > 0. The recursion 



(1) 



\ i=0 / 1=0 

matches the fundamental recursion 



noted in §5.3.3. We arc done by induction on A^. 
Lemma 5.4.2. For all x G fcoo and integers N such that 



□ 



i=0 



Res(T-^-^x) ifN<0. 
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Proof. Both sides of the identity to be proved depend F^-hnearly and |-|oo-continuously 
on X. We may therefore assume without loss of generality that x — T^"~^ for some 
integer n such that —n — 1 < min(— 1, A*"). By Lemma 5.4.1, the formal properties 
of e* noted in § ^.2.8 , and the formal properties of e noted in § ^.2.1C , both sides of 
the claimed identity admit interpretation as the coefficient with which t" appears 
in the Maclaurin expansion of fi^^^ri'^"^^ in powers of i. □ 

5.4.3. f -dual families. Fix / £ A+. We say that families 

{bj}fj/ {a.,b,eA) 

are f -dual if 

Rcs(a^6j//) = 5,j {i,j = 1, . . . ,deg/). 
Since the square matrix 

{Res(r+'^'=s/-.-i//)}^j/-i 

is lower triangular with I's along the diagonal, the pairing 

((a mod /, b mod /) >-> Res(a6//)) : A/f x A/f ^ F, 
is perfect and hence /-dual families exist. 
Theorem 5.4.4. Fix f E A+ and f -dual families 



Fix a £ A such that 
(i) We have 



deg a < deg /. 



ff e*(a,//)''"+'e(6,a//) - -*Ar(a//) 
for all integers N >0. (ii) Moreover, if a £ we have 

dog/ 

Y,e*{a,/f)eMff'''-'—' =1. 

i=l 



Proof. (Cf. lAnderson 1992| , Thm. 2, p. 58].) For every TV e Z we have 
e*(a,//)«"^'e(6,a//) 



i=l 



deg/ oo 

^ e*(l/r"+i)«"^' Res(r"a,//)e(6,a//) 

oo 

^ e*(l/r"+i)'?"^'e(r"a//) 

Tl = 



*Ar(a//) iiN>Q 

1 if a g A+ and N — deg a — deg / 



by definition of the special function e* and Lemma 5.4.2. 



□ 
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5.4.5. Remark. Theorem 5.4.4 "interpolates" ^'jv(a//) by an algebraic expression 
in which N figures as the power to which a Frobenius endomorphism is raised. 
We learned this seemingly strange but in fact fundamental notion of interpolation 
from examples in |Thakur 1991, §9.3]; see |Anderson 1992, §2] for an apprecia- 
tion of Thakur's work. The possibility of such an interpolation was proved in 



Anderson 1992, Thm. 2, p. 58] without the interpolating expression being made 



explicit. 

5.5. Diamond brackets and L-functions. 

5.5.1. Definitions. For all x G k^o and integers A'^ > 0, put 

1 ifO< inf Ix-a-T-'^-^ < \T\ 



(x) 



N 



if < inf \x 

aeWglT] ' 



otherwise, 



and also set 



(x) 



N=0 



The sum on the right makes sense because at most one of its terms is nonzero. We 
call the functions 



{0,1} 



thus defined the diamond bracket and the generalized diamond bracket, respectively. 

5.5.2. Remark. The value assigned to the expression (x) here coincides with that as- 
signed in |3inha 1997b], but with that assigned to {—x) in ]Thakur 1991, Def. 7.6.1]. 
The choice of sign is just a normalization not affecting the utility of the definition. 

5.5.3. Evaluation of L-functions. Fix / g of positive degree and a character 
X '■ {A/ f)^ not factoring through {A/g)^ for any proper divisor g S A+ of 
/. Note that under these hypotheses x is not identically equal to 1. Put 



L{s,x) = 



E 



x(amod /)q-^dcga 



— s dcg a 



(a,/) = l 
dog a < dcg/ 



dega<deg/ 



KN=0 



// 



N 



noting in particular that 



mx)^ E x(«niod/)(^ 

dog a < dog/ 
(a,/) = l 

The L-function L{s,x) is the Fq[T]-analogue of a Dirichlet L-fimction. It is well 
known that L(0, x) = if and only if x(e mod f) — I for all e e . 
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5.5.4. Remark. The connection between L-functions and diamond brackets recalled 
above is the motivation for the definition of diamond brackets. 

5.5.5. Diamond bracket relations. We make the following claims: 
• {x + a) = (x) for all x £ koc and a ^ A. 



E 



1 iix^ A 
ifxe A 



for all X e fco 



E 



aeA 
dog a < dog/ 



X + a 



= (x) for all x e /coo and / G 



Clearly the first and second claims hold. To prove the third claim we may assume 
without loss of generality that |a;|oo < 1. Then the only summand on the left 
possibly differing from is the one indexed by a = 0, and we have {x/ f) = (x). 
Therefore the third claim holds. 

6. Analysis of the algebraic relations among special H- values 
Throughout ^ we fix / e A+ of positive degree. 

6.1. The diamond bracket criterion. 



6.1.1. The free abelian group Af. Let Af he the free abelian group on symbols of 
the form 

[x] (xef-'A), 

where symbols [x] and [x'] are identified if x = a;' mod A. The group Af is free 
abelian of rank q'^^s/ Lgi; X>f he the subgroup of generated by all elements of 
the form 



E 



dcga<dcgg 



X + a 
9 . 



g e yl+ dividing /, x £ y ■ A 



The quotient Af/' Df is the analog ue over Fq[T] o f the universal ordinary distribu- 
tion of level /, cf. [ Kubert 1979a or [ Lang 1990| §2]. Let TZf he the subgroup of 
Af generated by along with all elements of the form 

[ex] (x e /-M) . 



Let TZf he the subgroup of ^/ consisting of a such that wta = and A^a G 7?./ for 
some positive integer N . 
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6.1.2. The star action. For each a d A prime to / there exists a unique automor- 
phism 

(a I— > a :*r a) : Aj Af 
of free abehan groups such that 



for aU X e jA. Note that this automorphism stabihzes T>f,TZf and TZf. Note that 



a * I 



a) — {ab) -k a 

for aU a, 6 G A prime to / and a Cz Af. Thus via the star operation -4/ is equipped 
with an action of (A//)^ passing to the quotients Af/Vj, Af /TZf and Af/TZf. 

Theorem 6.1.3. The rational vector space 

Q®{Af/Vf) 

is (A/ f)^ -equivariantly isomorphic to the rational group ring 

QliA/fV]. 



Proof. Th e classical model for the theorem is proved in [ Kubert 1979a ; alterna- 
tively, see[ Lang 1990 , §2]. The methods of Kubert carry over to our function field 
situation without any difficulty. We omit the details. □ 

Corollary 6.1.4. Fix a character x '■ (A/f)^ —>■ C^. The dimension overC of the 
X-isotypical component of <C® {Af/TZf) is < 1, with strict inequality if and only if 
X is not identically equal to 1 but x (e mod /) = 1 for all e e . 

It follows that the free abelian group Af/TZf is of rank 1 + • 
Proof. We have 

Af/TZf = module of -coinvariants in Af/Vf. 
The sequence of (A//) ^-modules 



E 



\dega<deg/ 



mod TZ f 



<C® {Af/TZf) ~^<C® {Af/TZf) 



is exact. The result follows. 



□ 



6.1.5. Extension of the definition of diamond brackets. For all integers > let 



(a ^ (a 

be the unique homomorphism such that 
for all x G jA and put 



N) 



A 



OO 

N=0 



f 



'N 



IN 



Z 



for all a G -4/. The sum on the right makes sense because only finitely many of its 
terms are nonzero. For all a, b G -4/ we write a ~/ b if and only if {a* a) = {a-k b) 
for all a G A such that (a, /) = 1 and deg a < deg /, thereby defining an equivalence 
relation ^f in Af. When ^/ fails to hold between a and b we write a 7^/ b. 
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Theorem 6.1.6. For all a,b e Af we have a = b mod TZr if and only if a. 



Proof. {=>) Since 7?-/ is stable under the action of (A/f)^ it is enough to prove 

a e ^ (a) = 0. 

In turn it is enough to prove that 

a e 7?./ (a) = wt a. 

In order to prove the latter implication we may assume without loss of generality 
that a is one of the generators ofTZf exhibited in § |6.1.l| . Then the diamond bracket 
relations of §5.5.5 do the job. 



This is proved by an evident modification of the proof of the Koblitz-Ogus 
criterion [Delignc 1979 . The connection between diamond brackets and values of 
L-functions at s = noted in § |3.5.3 is the essential point of the proof. We omit 
the details. □ 

6.1.7. H-monomials and their relationship with T-monomials. Let 

(a ^ n(a)) : ^/ ^ 
be the unique homomorphism such that 

n(N) = n(x) 

for all X G jA such that |x|oo < 1- Numbers in the image of the homomorphism 

Af we call Il-monomials of level /. The reflection identity satisfied by 

the Il-function and the hypothesis deg/ > imply that up to a factor in fc^, the 
number cc7 is a 11- monomial of level /. Taking the translation identity satisfied by 
the 11- function also into account, as well as the simple relationship between F- and 
11- functions, it is clear that up to a factor in fc^ every F-monomial belonging to the 
group of such generated by the set 

1 



xejA\mu-A+) 



is a 11- monomial of level /. 

The following r esult is the d irect analogue in our setting of the Koblitz-Ogus 
criterion stated in | Dcligne 197£ ] . It allows us to decide in more or less mechanical 
fashion whether between a given pair of F-monomials there exists a relation of 
/c-linear dependence explained by the standard functional equations. 

Corollary 6.1.8 (Diamond bracket criterion). For all a, b e Af we have 

a-/b^n(a)/n(b) e k"". 

Proof. It is enough to prove that 

ae7^/ ^cc7-^*'^n(a) e fc\ 

In order to do so we may assume without loss of generality that a is one of the 



generators oiTZf specified in §6.1.1. Then the standard functional equations stated 
in §5.3.5 do the iob. □ 



6.1.9. Remark. Deligne's reciprocity law |Deligne-Milne-Ogus-Shih 1982, Thm. 7.15, 
p. 91] refines the Koblitz-Ogus criterion by giving information concerning the field 
to which an algebraic F-monomial belongs. The analogous refinement of Corol- 
lary [6.1.8 was proved in [^inha 1997b |. 
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6.1.10. Remark. The converse to Corollary 6.1.8 is the Fq[T] -analogue "at level /" 



of the conjecture of Rohrlich discussed in §1.4.2 



6.2. Formulation and discussion of the main result. The following theorem is 
the main result of this paper. It is the Fq[r] -analogue "at level /" of the conjecture 
of Lang discussed in §1.4.3 above. It restates Theorem 1.2.1 in a precise way and 
allows us to determine all fc-linear relations among F- monomials. 

Theorem 6.2.1. Let 

ai, ... ,aN & Af 

be given. A necessary and sufficient condition for the corresponding Il-monomials 

n(ai),...,n(ajv) 
of level f to be k-linearly independent is that 

a, 7^/ aj 

for alll<i < j <N. 

The proof of the theorem takes up almost all of the rest of the paper, concluding 



in § 3.5 



Corollary 6.2.2. Put 

-/:=l + ^-#(^//)^ 

Let Ef be the subfield o/Coo generated over k by the set 

{Il{a/f)\a& A, dega<deg/}. 

The transcendence degree of Ef over k equals Vf. 

The following proposition establishes equivalence of theorem and corollary. 

Proposition 6.2.3. The transcendence degree of Ej/k is bounded above by vj. 
Moreover, a necessary and sufficient condition for Vf strictly to exceed the transcen- 
dence degree of Ef /k is that for some integer N > 2 there exist ai, . . . , ajv G Af 
and nonzero ci,...,cpf G k such that a,; a^ for all 1 < i < j < N and 
cin(ai) H l-CArn(aAr) = 0. 

Proof. Let k[Af /TZf] be the group ring with coefhcients in k of the finitely generated 
free abelian group ^/ /??./. Let 

A : fc^ 

be any group homomorphism agreeing with 11 on 7?./ and let 

k[Aj/nj]^Ef 

be the unique fc-algebra homomorphism such that 

, ^ ^ n(a) 

for aU a e Af. Put 

^/ 

By Corollary |6.1.4 the free abelian group Af/TZf is of rank I'f and hence the 
ring k[Af /TZf] is isomorphic to the ring of Laurent polynomials in i// independent 



/, ker {k[Af/TZf] ^ Ej 
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variables with coefficients in k. By construction the ideal // is prime. Clearly the 
field Ef is isomorphic as a fc-algebra to the field of fractions of the ring k[Af /TZf]/If. 
Therefore Vf bounds the transcendence degree oi Ef over k. Moreover, a necessary 
and sufficient condition for i// strictly to exceed the transcendence degree of Ef /k 
is that If 7^ 0. Note that every nonzero element of If has to be a formal k- 
linear combination of at least two elements of Af/TZf since n(a) is non-zero for 
all a £ Af. In view of Theorem 6.1.6 and Corollary |6.1.8 , it is clear that from 



any nonzero element of // we can produce a relation of fc-linear dependence among 
ll-monomials of the indicated form. □ 

6.3. Coleman functions. 

6.3.1. A closer look at torsion values of e. In the course of our discussion of the 
special function e the following facts were verified: 

• fc(e(l//)) is separable over k. 

• fc(e(l//)) is a splitting field over k for Cf{T,z). 

• e(a//)/f e Fg|l/T] for all a € A. 

The following more delicate facts are well known: 

• There exists for each 7 G Gal(A:(e(l//))/fc) unique a ^ A such that (a, /) = 1, 
dega < deg/ and je{b/f) = e{ab/f) = Ca{T,e{b/f)) for all b £ A. 

• The construction 7 1-^ a induces an isomorphism Gal(fc(e(l//))/fc) ^ {A/f )^. 

• Gal(fc(e(l//))//e) is generated by its inertia subgroups. 

• The integral closure of A in fc(e(l//)) is A[e{l/ f)]. 



See [ Hayes 1974 | for a treatment of the latter material. 
6.3.2. Definition of C*f{t, z). There exists a unique factor 

c;(i,z) eF,[t,z] 

of the division polynomial C / (t, z) such that 

doga<dog/ 

(q,/)=i 

The polynomial C*f{t,z) is the Carlitz analogue of a cyclotomic polynomial and 
has, so we claim, the following properties: 

• The discriminant of G*f{t, z) with respect to z does not vanish identically. 

• For all a & A, Cf{t, z) divides Ca{t, z) if and only if / divides a. 

• C*f{t, z) is irreducible in Fg[f, z] and remains so in k\t, z\. 

• Cy , dCJ/dt and dCJ/dz generate the unit ideal of ¥q[t, z]. 

The first two properties are clear, as is irreducibility over Fg. Irreducibility over 
any finite algebraic extension of F^ follows from the fact that Gal(A;(e(l//))//c) is 
generated by inertia. Were CJ{t,z) to be reducible over k, then CJ{t,z) would be 
reducible over some field L finite algebraic over k and hence reducible over the finite 
residue field of some discrete valuation of L, a contradiction. Therefore Cf{t,z) 
has the third property. Failure of the fourth property would imply failure of the 
ring ¥q[t, z]/ {Cf{t, z)) to be integrally closed: but the isomorphic ring ^[e(l//)] is 
known to be integrally closed. Therefore Cf{t,z) has the fourth property. Thus 
our claim is proved. 
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6.3.3. The nonsingular projective curve X/¥q. Let U/¥q be the irreducible non- 
singular plane algebraic curve in the afhnc (i, z)-plane/Fg defined by the equation 
Cj{t, z) = and let X/¥q be the nonsingular projective model of U/¥q. We regard 
t and z as regular functions on U and meromorphic functions on X. We regard 
X/¥q as a covering of the projective t-line/Fg. We say that the closed points of X 
in the complement of U are at infinity. For all a G A prime to / put 

ea:= (r,e(a//)), 

thereby defining a /c-valued point of U. A trivial but important remark to make 
here is that the set {^a} is the collection of fc- valued points of U above the fc- valued 
point t = T of the affine t-line. We make the following claims: 

• X is a Galois covering of the t-line of degree #{A/f)^. 

• For each automorphism 7 of X over the t-line there exists unique a G A such 
that (a,/) ~ 1, dega < deg / and 7*Cb(t, z) = Cah{t,z) for all h ^ A. 

• Moreover, with 7 and a as above, we have 7^6 = ^ab for all 6 G A prime to /. 

• Further, the construction 7 1— > a induces an isomorphism from the group of 
automorphisms of X over the t-line to (A//)^. 

• Each closed point of X at infinity has residue field ¥q and is ramified of order 
q—1 over the point at infinity on the t-line. 

• There are ^{A/ f)^ / (q — 1) closed points at infinity, and these are permuted 
transitively by the group of automorphisms of X over the t-line. 

• For all a e A the function Ca {t, z) has at each of the points of X at infinity 
no singularity worse than a simple pole. 

These claims are verified by making a routine translation from arithmetical language 
to geometrical language. We can safely omit the details. 

6.3.4. The base-change Xjk, deck transformations and n-fold twisting. Put 

U -.^k Of, U, X ■.= k (g)F, X, 

thereby defining nonsingular irreducible curves over k, the former being the curve 
in the affine (t, -plane/ fc defined by the equation Cj{t,z) = 0, and the latter 

being the nonsingular projective model of the former. Closed points of X in the 
complement of U as before are said to be at infinity. No new closed points at 
infinity appear in the base-change X because all the closed points in X at infinity 
are already Fg-rational. 

By construction X /k is a Galois covering of the projective t-line/fc. Just so as 
to have a convenient short turn of phrase at our disposal, we call an automorphism 
oi X/k over the projective t-linc/fc a deck transformation. By construction every 
deck transformation is the base-change of a unique automorphism of X/¥q over 
the projective t-line/F,, and hence the group of deck transformations is canonically 
isomorphic to (A/f)^. 

We define the n-fold twisting operation on the function field of X to be the 
unique automorphism extending the {q"")*^ power automorphism of k and fixing 
every element of the function field of X. We denote the result of applying the n- 
fold twisting operation to a function h by /i^"-* . The n-fold twisting automorphism 
of the function field of X commutes with all pull-backs via deck transformations. 
For each x G X(k) we define the n-fold twist .t^") G X(k) to be the point obtained 
by applying the (g")*'* power automorphism of k to the coordinates of x. Since 
each fc-rational point of X at infinity is already defined over ¥q, each such point is 
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fixed by the n-fold twisting operation. Identifying closed points of X with /c-valued 
points of X in evident fashion, we extend the n-fold twisting operation to the group 
of divisors of X by Z-linearity. The n-fold twisting operation on divisors commutes 
with the action of deck transformations. The operation of forming the divisor of a 
nonzero meromorphic function on X commutes with n-fold twisting, i.e., we have 
— for all nonzero meromorphic functions h on X. 

6.3.5. Definition of Coleman functions. Fix 

X e f-^A\A. 

Fix /-dual families 
and write 

X = aa/f (oo e A, oq not divisible by /). 

Put 

dog/ 

9x ■■=1- ^ e*{aJf)Caobi{t,z), 

i=l 

thereby defining a meromorphic function on X regular on U with singularities at 
infinity no worse than simple poles. Now for a ranging over A, both the function 
Ca(t, z) and the number e*{a/ f) depend Fq-linearly on a and moreover depend only 
on a mod /. Therefore the function gx depends only on x, not on the intervening 
choice of /-dual families {oi} and {bj}. Moreover it is clear that gx depends only 
on X mod A. We call gx a Coleman function. 

6.3.6. The divisors of Coleman functions. Let oox be the formal sum of the de- 
valued points of X at infinity, multiplied by (5 — 1) and viewed as a divisor of X. 
We have 

degoox = #(A//)'', (oox)^^^ = oox. 
For every x G f^^A \ A we have, so we claim, an equality 

_j 00 

{9.) = —j-^x+ J2 E(«^)^-^a^^ 

aeA N=0 
iaj) = l 
doga<dcg/ 

of divisors of X. To see this, call the divisor on the right D. There appear only 
finitely many nonzero terms in the sum defining D and hence D is well-defined. 
Moreover we have 

aegD = -*^^^+ y {ax)=0. 

(a,/) = l 
dcga<dcg/ 

Now let {oi}, {bj} and oq be as in |6.3.5| , and fix a G A prime to / such that 

00 

(ax) = {ax)j^ = 1. 

N=0 

Let b be the unique clement of A^ such that 

aao = b mod /, deg b < deg / 
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and put 

noting that wc have 
We have 



(AT) 



N :— degf — degb— 1, 
{b/f)N = 1- 

dcg/ 



= 1 - 



J2 e*{a,/f)Caob. (r«",e(ax)«") 



i=l 



dcg/ 



1 - J2 e*ia.Jf)eihb/fy 



= 0, 



the last equality by part (ii) of Theorem 5.4.4 . Therefore gx has at least as many 
zeroes in U as we claim for it. In any case gx has no singularities at infinity worse 
than simple poles. Therefore the divisor {gx) — D is effective and of degree 0, so it 
vanishes identically. Thus our claim is proved. 

6.3.7. Interpolation properties of Coleman functions. Fix 

xef^^A\A, aeA, NeZ, yek 

such that 

(a, /) = !, > 0, ax = y mod A, \y\oo < ^■ 

We claim that 

gi''+'H^a) = l + ^N{y). 



Let {fli}, {bj} and oq be as in §6.3.5. We have 



dcg/ 



l-^eCa,//)" ^ a„,^(T,e(a//)) 



= 1- Xfe(a.//)^""'e(&,2/) 

i=l 

the last equality by part (i) of Theorem [5.4.4 . The claim is proved. 



Remark 6.3.8. The notion of Coleman hmction was introduced in |Sinha 1997a|, 
building on the foundation of [ Anderson 1992| . The notion of C ole man function was 



in large part inspired by beautiful examples of | Coleman 1988 ; see [ Anderson 1992 



§2] for an appreciation of Coleman's work. The approach to the theory of Coleman 
functions presented here is quite a bit simpler than previous approaches and was 
developed in an attempt more closely to approximate Coleman's own simple and 
very attractive point of view. 
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6.3.9. Generalized Coleman functions. Given effective a e Af such that wta > 0, 
write 

' a 



E 



dcga<dcg/ 



{ma G Z, ma > 0) 



and put 



5a := 



n 



deg a<deg / 

thereby defining a meromorphic function on X regular on U . We call a general- 
ized Coleman function. We define divisors of X by the formulas 

oo /N-l \ 



-k a 



(a,/) = l 
dega<dcg/ 



aeA N=l 
(a,/) = l 
dcga<dog/ 



The definition of makes sense because only finitely many nonzero terms appear 
on the right side. By the divisor calculation of § |6.3.6| we have 



(5a) = -(wta)-oojf+ ^(a*a)^^(- 



(N) 



aeA N=0 
dGga<dcg/ 



= -(wta)-^x+^a + V7«-M^a 
By the interpolation formula of §6.3.7 we have 

oo 

n(a*a)-i= llgi'^^U- 

N=l 



Proposition 6.3.10. Fix effective a, b G Af such that wta, wtb > 0. For any 

deck transformation 7 and a di A prime to f corresponding canonically one to the 
other in the sense that 7*z = Ca{t, z), we have 

Proof. Clearly we have $a = Cb a ^/ b and further 

beA beA 
{b,f) = l (bj) = l 

dogb<dog/ dcg6<dcg/ 

where a £ A satisfies the congruence aa = 1 mod /, whence the result. □ 

6.4. A construction of rigid analytically trivial GCM dual t-motives. For 

convenience we again put i := #(^//)^ and we also fix effective a e Af such that 
wta > 0. Put 

L := ¥g[t, z]/{C}{t, z)), L := ~k[t, z]/{C}{t, z)). 

The rings L and L are the coordinate rings of the nonsingular irreducible affine 
curves curves U/¥q and U/k, respectively. Clearly L quahfies as a GCM ¥q[t]- 
algebra. We are going to use the generalized Coleman function g^ to create a nice 
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dual t-motive H{a) with GCM by L. To do so we translate to the dual i-motivic 
setting a basic construction that in the t-motivic setting was originally given in 
ISinha! 1997a |. 



Lemma 6.4.1. Let H{a) he the left \^[a]-module obtained by equipping L with an 
action of a by the rule 

.9a 

Then the k[a]-module underlying H{a) is free of finite rank. 



ah := q^h^-^'^ 



Proof. By Proposition 4.3.2 , because the A:[i]-niodule underlying H[a) is free of 
finite rank, we have only to prove that the fc[(T]-modulc underlying H{a) is finitely 
generated. Temporarily put 

Z? := wt a • oox- 

Since the multiplicity of D at each point of X at infinity is the order of the pole of 
the generalized Coleman function t^a at that point according to the divisor formula 



of §6.3.9, the induced maps 

OxinD) 3.x Ox{{n+l)D) 

of skyscraper sheaves are bijective for all n € Z. By the Riemann-Roch theorem 
there exists an integer np such that the natural maps 



are bijective for all n > uq. Clearly we have 

{X,Oj^{nD))^-'^ = (X,0^(nZ?(-i))) = {X,Oj^{nD)) 
for all 71 e Z. Therefore 

H° (X, (nD)) +g^-H'' {X, (nD)) = H" (X, ((^ + 1)^)) 
for all n > no and hence the vector space 

H" {X,Oj^{noD)) 
is finite-dimensional over k and generates 

fl-(a) = H°iU, O^) = U ^° {X, Ox {^D)) 

n 

over k[a\. □ 
6.4.2. Construction of the dual t-motive -ff(a). Recall now the divisor formula 

(5a) - -(Wt a) • C^x + Ca + Wi^) - Wa 



of §6.3.9 and recall also that the divisors ^a and Wa figuring in this formula are 



effective. Put 



thereby defining an L-submodule of H{a.). It is easy to verify that H{a) is cr-stable 
and hence an L[cr]-submodule of H{a). It is clear that -ff(a) is projective over L 
of rank one and free of finite rank over k\t]. Moreover H{a) is a fc[(T]-submodule of 
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a A:[(T]-module free of finite rank by Lemma 6.4.1 and hence a free A:[(T]-module of 
finite rank. Since we have 



i7(a) 



i/0(C/,Oy(-W^«)) 



and aU the points in the support of the divisor lie above the point t = T on 
the t-line, it follows that H{a) / (jH{a) is annihilated by a sufficiently high power of 
t — T. Therefore H{a) is a dual t-motive with GCM by L. Note that the ideal 

/a:=if"(I7,Ox(-ea)) CL 

is the GCM type of H{a) with respect to L. 

Lemma 6.4.3. (i) Let 

$a e Matfxf(fc[t]) 
be the unique solution of the congruence 



5a 



1 




1 


z 




Z 




= $a 

















mod C){t,z). 



oo 

sup \ai\oo 

i=0 



Then the infinite product 

oo 

*a := n ^i""^ 

Af=l 

converges with respect to Banach norm 

oo 
i=0 

on Coo{i} to an element of 

GL<,(Coo{t})nMat£x^(f) 
satisfying the functional equation 

^(^-1) = 

(a) Consider now the matrix 

«'a(r) e Mat£x£(fc 
obtained by evaluating at t ~ T . The sets 

{*a(T),, I J = 1, . . . , {n(a * a)-i I « e ^, (a, /) = 1} 
span the same k-subspace of k^o- 

Proof, (i) From the construction of the generalized Coleman function ga it is clear 
that we have 

ga = 1 + Cijfz^ mod Cj{t, z) 

i 3 

for some constants dj G k, all but finitely many of which vanish and all of which 
satisfy the bound 

Icyloo < sup |e*(x)U = |l/r|oo < 1- 
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Now let 

Z = Z(t) e Matfx«(FJi]) 
be the unique solution of the congruence 



1 




1 


z 




z 




= Z 

















mod C)(t, z). 



Clearly we have 



for all integers iV. It follows that the infinite product defining converges to an 
element of GL£(Coo{0) satisfying the desired functional equation. It follows also 
that det<I>a(0) ^ and hence by Proposition ^.1.5 that the matrix 'fa has entries 
in E . 

(ii) Note that by construction the roots of the equation CJ{T, z) = give the £ 
eigenvalues of the matrix 

Z{T) e GUi'k). 

Now choose any matrix 

M e GLfXk) 



such that 

where 
Then 

and hence 



MZ{T)M-^ = 



e(ai//) 

{ai, ...,ai}^{aeA\(lega< degf, {a, f) = 1}. 



(Af*a(r)Af-i) 



nfoi * a) • 5i 



which proves the result. 
Proposition 6.4.4. Let 

g e Mat£xi(i?(a)), $ G Mat^x^(fc[t]) 
he given such that the entries o/ g form a k[t]-basis of H{sl) and 

erg = $g. 

There exists 

GL,(Coo{0)nMat,x£(f) 
satisfying the functional equation 

— <i)vl/ 

and with the further property that the sets 

{*(r),, = {n(a^a)-i |ae A (a,/) = l} 

span the same k-suhspace of k^o- 



□ 
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In particular -ff(a) is rigid analytically trivial by Lemma 4. 4. IS. 
Proof. Let 

be the unique solution of the congruence 

I 



s = Q 



mod C*f{t,z) 



Now since the effective divisor wi^"* is supported in the set of /c- valued points of X 
lying above the points 

< = r«,r9',... 

on the t-line, the module 



g(a) 
i/(a) 



is annihilated by 



N 



for TV ^ and hence we have 

QeGL,(Coo{0), detQ(T)^0. 



Notation as in Lemma B.4.31 we have 
1 



hence 

and hence the matrix 



mod Cf(t, z), 



* := Q^a e GL,(Coo{<}) n Mat,x£(f ) 
has all the desired properties. 



□ 



Proposition 6.4.5. Let r be the cardinality of the orbit of the coset a mod 72./ 
under the action of (A/f)^. Then any simple quotient of the bare dual t-motive 
underlying H{a.) is of rank > r over k[t]. 

Proof. We temporarily denote the group of deck transformations by G. We have 
#{a*amod^/ |ae A K /) = 1} = #{7Ca | 7 £ G} = #{7*^ | 7 € G}, 

where the first equality holds by Proposition |6.3.10| and the second equality is 
trivial. The quantity on the right by Corollary 4.6.7 is a lower bound for the rank 
over k[t] of any simple quotient of the bare dual i-motive underlying -ff(a). □ 

Proposition 6.4.6. For allh ^ Af such that wtb > 0, if the bare dual t-motives 
underlying H(a) and H{h) have isogenous simple quotients, then a * a. f b for 
some a ^ A prime to f . 
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Proof. Once again let G denote the group of deck transformations. Consider the 
following sets: 

{7*4 = /b I 7 e G}, 
{7^a - I 7 e G}, 
{a ★ a = b mod TZf \ a £ A, [a,f) — 1}. 



The first set is nonempty by Corollary ^4.6.8| . Nonemptiness of the first set trivially 
implies that of the sec ond. Nonemptiness of the second set implies that of the third 
by Proposition 6.3.10. □ 



6.5. Proof of Theorem 6.2.1 and Corollary 6.2.2. We need only prove the 



sufficiency asserted in the theorem because the diamond bracket criterion takes care 
of necessity and Proposition 3.2.3| takes care of the corollary. 



6.5.1. Easy reductions. By hypothesis: 

• The cosets ai mod TZf,..., a^r mod TZf are distinct. 

After enlarging the set {ai, . . . , ajv} suitably we may assume that: 

• The finite set {a, mod TZf \ i ^ 1, . . . , N} C Af/TZf is (A//) ^-stable. 
After relabeling the a^ we may assume that for some integer 1 < n < N: 

• The set {a^ mod TZf \ i = 1, . . . ,n} forms a set of representatives for the 
(A//) ^-orbits in {a, mod TZf \ i = I, . . . , N}. 

For i — 1 , . . . , n put 



V, 



#{a ★ a.; mod TZf \ a £ A, (a, /) — 1}, 

(fc-span of {n(a ★ aj^^ \ a e A, (a, /) = 1}) C ko 



We have N = r^. Moreover the fc-span of {n(— a^) \ i = 1, . . . , N} equals J^i ^ 
by the diamond bracket criterion. It therefore suffices to show that 

n n 

< dimfc^y^. 
i=i 1=1 
After adding a fixed positive integral multiple of 



E 

dcga<dcg/ 



eAf 



to a.i for all i, we may further assume that 



• Sii is effective and wt a^ > for i = 1, . . . , n. 

6.5.2. Further reductions. For i — l,...,n we make the following constructions. 
Put 

:= H{a,). 

Choose 

g(,) e Mat,xi(i?.), *w e Mat,x,(fc[t]) {£ := 
such that the entries of g(i) form a fc[t]-basis of Hi and 
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By Proposition 6.4.4 there exists 
such that the functional equation 

holds. Let -(/'(i) be the first column of ^'(i). Put 

HiQ :— fc[t]-span in £ of the entries of 
Via := fc-span in /cqo of the entries of iJj(^i^{T). 



By Proposition 6.4.4 we have 
• ViQ C Vi for i = 1, . . . ,n. 
By Proposition |4.4.3 we have 



1=1 i=l 

It therefore suffices to prove that 

n n 



6.5.3. Endgame. In a sense made precise by Proposition 4.4.3 



• HiQ is a nonzero dual i-motive admitting presentation as a quotient of the 
bare dual t-motive underlying Hi for i — 1, . . . , n. 

We have 

• ri < rkfc[j] HiQ = dimj. Via < dimj. Vt < n, for i ^ 1, . . . ,n, 

by Proposition |6.4.5 (inequality at the extreme left), Proposition 4.4.3 (equality 
at second juncture) and the diamond bracket criterion (inequality at the extreme 
right). It follows that 

• Hio is simple and of rank over k[t\ for i ^ 1, . . . ,n. 

The simple dual i- motives Hio belong to distinct isogeny classes by Proposition |6.4.6 
and hence: 

n n 

• The natural map HiQ —>■ HiQ is bijective. 

i=l i=l 

Therefore we have 

n n n 

^ r, = ^ rkfc[t] H,o = rkfc[t] ^ H,o 



i=l 



and the proof of sufficiency in Theorem 3.2.1 
sufficiency proved, the proofs of Theorem 6.2.1 



4=1 



is finished. As noted above, with 



and Corollary 3.2.2 are complete 
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6.6. Remarks concerning transcendence bases. Giving an explicit transcen- 
dence basis for the field Ef over k is in general not as straightforward as one might 
suspect from the statements of Theorem 3.2.1 and Corollary 6.2.2. In principle 



transcendence bases and systems of relations could be constructed explicitly by a 
translation to our context of the methods of [Kucera 1992 1, but we do not attempt 
such a construction here. We just work out the special case in which / is a power 
of an irreducible polynomial and then give a cautionary example. 

Proposition 6.6.1. Let fi G A+ be irreducible, and suppose f = ff for some s. 
Let 

Bf = {n(a//) I a e ^ \ A+,dega < deg/, (a, /) = 1} U {w}. 

Then Ef = k[Bf ), and the numbers in Bf are algebraically independent over k. 

Proof. Consider nff/f, where (k, /i) = 1 and degK < (s — e) deg/i. As an element 
oiVf, 



dcga<edcg/i 



>^fVf 



ft 



/ 
/ 



E 

doga<edcg/i 

E 

dcga<edcg/i 



^ft + af 
ftf 

K + afl- 



f 



Notice now that the terms on the right have numerators congruent to k modulo 
a power of /i. Thus the numerators are relatively prime to /. According to the 
diamond bracket criterion we can therefore express every special 11- value 11(6//) 
as a /c-multiple of a product of n(a//), with a relatively prime to /, divided by a 
power of w. Finally, for every a £ A+, the reflection identity dictates that 



H n(ca//)eP, 



and so we conclude that Ef = k{Bf) as claimed. Since #-6/ = I'f is the transcen- 
dence degree oi Ef over fc, the rest follows. □ 



6.6.2. Cautionary example. In light of Proposition 6.6.1, it would not be far-fetched 
to imagine that 

Bf = {n(a//) \aeA\A+,dega<degf, {a, /) = 1} U {m}. 

would provide a trancendence basis for Ef over k for all f e A^. That however is 
not the always the case. 



Consider the example of g = 3 and / = — T. By Co rollary 3.2.2 the tran- 
scendence degree oi Ef over fc is 3. In §4.2 of [Sinha 1997b it is shown that 



and 



n 



n 



1 



rp2 _ 
f T+l 



VT2 - T ^ 

by applying the diamond bracket criterion. Consequently, in view of the reflection 
identity satisfied by the 11- function, k{Bf) has transcendence degree at most 2 over 
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k. But by Corollary [6.2.2 and the diamond bracket criterion, we know that Ef is 
the rational function field 

Ef = k{vj,U{l:],n 



T r \T-1 



6.6.3. Remark. The Il-inonomial 11 ^ytzt^ /n (y) and its companion happen to 
be examples of the sort considered above in § |l.l.6| . 
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